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2019 Alabama Course of Study: Mathematics
PREFACE

The 2019 Alabama Course of Study: Mathematics provides the framework for the Grades K-12 mathematics program in Alabama’s public schools.
Content standards in this document are minimum and required (Code of Alabama, 1975, 816-35-4). They are fundamental and specific, but not
exhaustive. In developing local curriculum, school systems may include additional content standards to reflect local philosophies and add
implementation guidelines, resources, and activities which are beyond the scope of this document.

The 2019 Alabama Mathematics Course of Study Committee and Task Force conducted exhaustive research during the development of this Course
of Study, analyzing mathematics standards and curricula from other states, the 2016 Revised Alabama Course of Study: Mathematics, national reports
and recommendations on K-12 mathematics education, the latest NAEP Frameworks, and numerous articles in professional journals and magazines.
Many members attended state, regional, and national conventions to update their knowledge of current trends and issues in mathematics education.
The Committee and Task Force also listened to and read statements from interested individuals and groups throughout the state, and thoroughly
discussed issues among themselves and with colleagues. The Committee and Task Force reached consensus and developed what members believe to
be the best Grades K-12 Mathematics Course of Study for students in Alabama’s public schools.
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2019 Alabama Course of Study: Mathematics
GENERAL INTRODUCTION

The 2019 Alabama Course of Study: Mathematics defines the knowledge and skills students should know and be able to do after each course and
upon graduation from high school. Mastery of the standards enables students to expand professional opportunities, understand and critique the
world, and experience the joy, wonder, and beauty of mathematics (National Council of Teacher of Mathematics [NCTM], 2018). Courses within the
2019 Alabama Course of Study: Mathematics are organized into Alabama Content Areas which are adapted from those present in the draft of the
NAEP 2025 Mathematics Framework. High school courses also incorporate recommendations for the Essential Concepts as identified by the
National Council of Teachers of Mathematics (2018) and other documents. All standards contained in this document are:

e aligned with college and work expectations;

e written in a clear, understandable, and consistent format;

e designed to include rigorous, focused, and critical content and application of knowledge through high-order skills;
e formulated upon strengths and lessons of current Alabama standards;

e informed by high-performing mathematics curricula in other countries to ensure all students are prepared to succeed in our global economy
and society; and

e grounded on sound, evidence-based research.

What students can learn at any particular grade level depends upon prior learning. Grade placements for specific topics have been made on the basis
of state and international comparisons and on the collective experience and professional judgment of educators, researchers, and mathematicians.
Learning opportunities will continue to vary across schools and school systems, and educators should make every effort to meet the needs of
individual students based on the student’s current understanding.

Mastery of the standards enables students to build a solid foundation of knowledge, skills, and understanding in mathematics. To ensure student
success, effective implementation of the 2019 Alabama Course of Study: Mathematics requires local education agencies to develop local curriculum
guides utilizing the minimum required content of this document.
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2019 Alabama Course of Study: Mathematics
CONCEPTUAL FRAMEWORK

The conceptual framework graphic illustrates the purpose of the 2019 Alabama Course of Study: Mathematics, which is to ensure that all students
receive the mathematics preparation they need to access further educational and professional opportunities, to understand and critique the world
around them, and to experience the joy, wonder, and beauty of mathematics (NCTM, 2018). This purpose is depicted by a cyclical pattern formed by
position statements, content, student mathematical practices, and mathematics teaching practices that contribute to the development of the
mathematically-prepared graduate, represented by the diploma and mortarboard in the center. The cycle has no defined starting or ending point; all of
its components must be continuously incorporated into the teaching and learning of mathematics. This integration is essential to the development of
an excellent mathematics education program for public schools in Alabama, represented by the shaded map of the state behind the cycle. The four
critical components of an excellent mathematics education program are Student Mathematical Practices; Alabama Content Areas and 9-12 Essential
Content; Mathematics Teaching Practices; and Position Statements.

The Student Mathematical Practices, also referred to as the Standards for Mathematical Practice, embody the processes and proficiencies in which
students should regularly engage as they learn mathematics. These practices include making sense of problems and persevering in solving them;
constructing arguments and critiquing reasoning of others; modeling; using appropriate tools; attending to precision; finding and using structure; and
finding and expressing regularity in repeated reasoning. Proficiency with these practices is critical in using mathematics, both within the classroom
and in life. Mathematical Practices are a fundamental component in the National Assessment of Educational Progress (NAEP) framework and are
included as Alabama standards to be incorporated across all grades; they are explained in further detail on pages 11-14.

The vehicle for developing these practices is found in the next component of the cycle, the content standards. These standards specify what students
should know and be able to do at the end of each grade or course. The standards are organized in Alabama Content Areas, which are based on the
content areas in the 2025 NAEP mathematics framework. They are designed to provide an effective trajectory of learning across the grades that
ensures students are well-prepared for future success.

In Grades 9-12, the Alabama Content Standards are organized into subgroups of essential concepts described by the National Council of Teachers of
Mathematics (NCTM) in its seminal publication, Catalyzing Change in High School Mathematics: Initiating Critical Conversations (2018). These
essential concepts are designed to be achieved by all students within the first three years of high school mathematics, and they form the foundation
for additional coursework designed to meet students’ specific post-high school needs and interests.

The next component of the cycle consists of the eight Mathematics Teaching Practices (NCTM, 2014), which should be consistent components of
every mathematics lesson across grades K-12. They are:
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Establish mathematics goals to focus learning. Effective teaching of mathematics establishes clear goals for the mathematics that students
are learning, situates goals within learning progressions, and uses the goals to guide instructional decisions.

Implement tasks that promote reasoning and problem solving. Effective teaching of mathematics engages students in solving and
discussing tasks that promote mathematical reasoning and problem-solving and allow multiple entry points and varied solution strategies.
Use and connect mathematical representations. Effective teaching of mathematics engages students in making connections among
mathematical representations to deepen understanding of mathematics concepts and procedures and as tools for problem-solving.

Facilitate meaningful mathematical discourse. Effective teaching of mathematics facilitates discourse among students to build shared
understanding of mathematical ideas by analyzing and comparing student approaches and arguments.

Pose purposeful questions. Effective teaching of mathematics uses purposeful questions to assess and advance students’ reasoning and
sense-making about important mathematical ideas and relationships.

Build procedural fluency from conceptual understanding. Effective teaching of mathematics builds fluency with procedures on a
foundation of conceptual understanding so that students, over time, become skillful in using procedures flexibly as they solve contextual and
mathematical problems.

Support productive struggle in learning mathematics. Effective teaching of mathematics consistently provides students, individually and
collectively, with opportunities and supports to engage in productive struggle as they grapple with mathematical ideas and relationships.
Elicit and use evidence of student thinking. Effective teaching of mathematics uses evidence of student thinking to assess progress toward
mathematical understanding and to adjust instruction continually in ways that support and extend learning.

Appendix A provides information that illustrates how these Mathematics Teaching Practices support equitable instruction in the mathematics
classroom.

The final component of the cycle is the Position Statements, which are explained in detail in the next section of this document. The Position

Statements set forth the foundational requirements for excellence in mathematics education. They deal with access and equity, teaching and learning,

curriculum, tools and technology, assessment, and professionalism. All stakeholders, from parents and teachers to policy-makers and business
leaders, should examine and embrace these Position Statements to foster excellence in mathematics education in Alabama.

The graphic depicts a dynamic process of establishing and achieving an excellent mathematics program for the State of Alabama. Placement of a

diploma at the center is no accident, because all efforts are focused on preparing Alabama students for their future. Mathematics will be part of that

future, and students must be well equipped to meet the challenges of higher education and meaningful employment.
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POSITION STATEMENTS

Today, mathematics is at the heart of most innovations in the “information economy,” which is increasingly driven by data. Mathematics
serves as the foundation for careers in science, technology, engineering, and mathematics (STEM) and, increasingly, as the foundation for
careers outside STEM. Moreover, mathematical literacy is needed more than ever to filter, understand, and act on the enormous amount of
data and information that we encounter every day.... The digital age inundates us with numbers in the form of data, rates, quantities,
probabilities, and averages, and this fact of twenty-first-century life increases the importance of and need for today’s students to be
mathematically and statistically literate consumers, if not producers, of information. (National Council of Teachers of Mathematics [NCTM],
Catalyzing Change in High School Mathematics, 2018, p. 1)

Mathematics is critical for the future success of each and every student in Alabama, enabling them to expand their professional opportunities,
understand and critique the world, and experience the joy, wonder, and beauty of mathematics (NCTM, 2018). To help students achieve this goal,
schools should implement the six position statements, which outline foundational practices to ensure excellence in Alabama mathematics programs.
Specific pages in Principles to Action: Ensuring Mathematical Success for All (NCTM, 2014) that are related to each position statement are
indicated in italics at the end of the statement. All stakeholders, from parents and teachers to policy-makers and business leaders, should examine and
embrace these principles to foster excellence in mathematics education in Alabama.

Access and Equity in Mathematics Education

An excellent mathematics program in Alabama promotes access and equity, which requires being responsive to students’ backgrounds,
experiences, and knowledge when designing, implementing, and assessing the effectiveness of a mathematics program so that all students
have equitable opportunity to advance their understanding each school year.

Access and equity in mathematics at the school and classroom levels is founded on beliefs and practices that empower each and every student to
participate meaningfully in learning mathematics and to achieve outcomes in mathematics that are not predicted by or associated with student
characteristics. For all students, mathematics is an intellectually challenging activity that transcends their racial, ethnic, linguistic, gender, and
socioeconomic backgrounds. Promoting curiosity and wonder through mathematical discourse is possible when schools and classrooms provide
equitable access to challenging curriculum and set high expectations for all students.

School leaders, teachers, and community stakeholders need to collaborate on issues impacting access and equity for each and every student, such as

tracking, beliefs about innate levels of mathematical ability, and differentiated learning. To gain more insight, read and discuss ““Access and Equity”
in Principles to Actions (pp. 59-69).
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Teaching and Learning Mathematics

An excellent mathematics program in Alabama requires teaching practices that enable students to understand that mathematics is more
than finding answers; mathematics requires reasoning and problem-solving in order to solve real-world and mathematical problems.

Teaching matters. Teachers bear the responsibility of ensuring student attainment of content by all who enter their classrooms, regardless of pre-
existing skills and knowledge. To increase student proficiency in mathematics, the following mathematics teaching practices (NCTM, 2014) should
be integrated into daily instruction:

Establish mathematics goals to focus learning.

Implement tasks that promote reasoning and problem-solving.
Use and connect mathematical representations.

Facilitate meaningful mathematical discourse.

Pose purposeful questions.

Build procedural fluency from conceptual understanding.
Support productive struggle in learning mathematics.

Elicit and use evidence of student thinking.

These mathematics teaching practices are also an element of the Conceptual Framework. See Appendix A.

Student learning involves more than developing discrete mathematical skills; mathematical proficiency has been defined by the National Research
Council (2001) to include five strands: conceptual understanding, procedural fluency, strategic competence, adaptive reasoning, and a productive
disposition. Note that procedural fluency involves not just finding answers quickly, but “skill in carrying out procedures flexibly, accurately,
efficiently, and appropriately” (National Research Council, 2001).

School leaders, teachers, and community stakeholders need to collaborate on issues impacting teaching and learning mathematics, such as
mathematics learning goals; opportunities students are afforded to discuss their thinking; students’ understanding and encouragement to persevere
as they reason, problem-solve, and develop conceptual understanding; and teachers’ orchestration of and student participation in whole class
discussions. To gain more insight, read and discuss the *“Mathematics Teaching Practices’ section in Principles to Actions (pp. 7-57).
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Mathematics Curriculum

An excellent mathematics program in Alabama includes a curriculum that develops the grade level mathematics content standards along
coherent learning progressions which build connections among areas of mathematical study and between mathematics and the real world.

There are differences among standards, textbooks, and curriculum. The Alabama Content Standards delineate what students are expected to learn
within each grade level or course. A curriculum is a sequence of tasks, activities, and assessments that teachers enact to support students in learning
the standards while drawing on a textbook or other resources when appropriate. Textbooks and other resources that align with standards should be
provided for teachers. For example, a standard might read that students will be fluent with two-digit multiplication or that students are fluent with
multiplying binomials. A single lesson does not accomplish either of these standards, nor is it productive to have students simply practice this skill in
isolation without building from conceptual understanding as described in one of the Principles to Actions mathematics teaching principles. A
sequence of lessons needs to include examples using concrete models or other appropriate representations to support students in developing strategies
that provide a foundation for developing procedural fluency.

School leaders, teachers, and community stakeholders need to collaborate on how the curriculum is designed to provide access for all students, how
procedural fluency is built from conceptual understanding, and how the curriculum aligns with the content standards and adopted textbooks. To gain
more insight, read and discuss the “Curriculum” section in Principles to Actions (pp. 70-77).

Mathematical Tools and Technology

An excellent mathematics program in Alabama seamlessly integrates tools and technology as essential resources to help students develop a
deep understanding of mathematics, communicate about mathematics, foster fluency, and support problem-solving.

Teachers and students should be provided with appropriate tools and technology to support student learning. Students should use mathematical tools
and technology in a variety of settings for a variety of purposes. Teachers should design learning activities using tools and technology so that students
are mastering concepts, not just practicing skills. For example, base 10 blocks serve as a tool for learning mathematics, and a document camera is
technology which can share the display of base 10 blocks that students are manipulating to acquire conceptual understanding. Interactive technology
can help students explore mathematical ideas in order to increase their understanding of mathematics. High school students may manipulate the graph
of a function in a computer program using sliders that change the values in its equation in order to better understand particular types of functions.
Tools and technology can also be used to differentiate learning experiences. Teachers should be provided with appropriate professional learning
opportunities to support effective student use of these tools and technologies.
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School leaders, teachers, and community stakeholders need to analyze how mathematics classrooms currently incorporate tools and technology to
develop students’ procedural fluency from conceptual understanding and how tools and technology can be further integrated to support the
communication and understanding of mathematical ideas. To gain more insight, read and discuss ““Tools and Technology’” in Principles to Actions
(pp. 78-88).

Assessment of Mathematics Learning

An excellent mathematics program in Alabama includes formative assessment to inform future teaching decisions and summative
assessment to assess students’ ability to problem-solve, to demonstrate conceptual understanding and procedural skills, and to provide
feedback to inform students of their progress.

Two types of assessment, summative and formative, require attention in mathematics classrooms. Traditionally, instruction has focused on
concluding a learning segment with summative assessments, including tests, projects, quizzes, or state assessments. While use of summative
assessments is essential, such measures should be used to fully evaluate students’ mathematical proficiency, including procedural fluency, problem-
solving ability, and conceptual understanding. To expand and improve summative assessment results, students need opportunities throughout the
school year to persevere, with teacher support, in struggling with cognitively demanding tasks.

Formative assessment occurs throughout this learning process as students solve tasks and teachers provide support through questioning. During
instruction, teachers can learn a great deal about how students think as they draw on prior knowledge to solve novel problems. Formative assessment
is possible only when teachers are questioning students’ thinking during the learning process. Formative assessments may include the use of
questions that drive instructional-decision making, exit slips or bell ringers, teacher observation of student discourse, reengagement lessons, the
“number talk” format, and evaluations of student work samples. Formative assessment is a powerful tool for making instructional decisions that
move student learning forward.

School leaders, teachers, and community stakeholders need to collaborate about how students’ thinking is formatively assessed during instruction

and to analyze summative assessments in order to evaluate the extent to which problem-solving, conceptual understanding, and procedural skills are
being addressed in mathematics classrooms. To gain more insight, read and discuss the “Assessment” section in Principles to Actions (pp. 89-98).
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Professional Mathematics Teachers

An excellent mathematics program in Alabama requires educators to hold themselves and their colleagues accountable for seeking and
engaging in professional growth to improve their practice as lifelong learners in order to promote student understanding of mathematics as
a meaningful endeavor applicable to everyday life.

Professionals are dedicated to learning and improving their craft, which ultimately benefits students. To achieve growth in the five areas described in
this section, districts, schools, and teachers must recognize that continuous professional learning is required. Designing and enacting effective lessons
and valid assessments requires teachers to increase their knowledge and skill throughout their careers. To prepare the next generation of thinkers, the
mathematics education community in Alabama (and beyond) must work together to support one another in learning. Teaching in ways that promote
student collaboration in learning mathematics from and with each other requires adults to model effective collaboration in their own learning and
progress.

Teachers should embrace learning and professional growth. Local school systems should provide face-to-face and/or online professional learning,
specifically designed to address mathematics content and instruction, for all teachers. Active participation in state and national mathematics
organizations and service as mentors to others are additional means through which teachers can collaborate with others and expand their practice.
State and national resources include Alabama Council of Teachers of Mathematics (ACTM); Alabama Learning Exchange (ALEX); Alabama
Mathematics, Science, and Technology Initiative (AMST]I); and the National Council of Teachers of Mathematics (NCTM).

School leaders, teachers, and community stakeholders need to collaborate on the amount of time provided and how effectively and productively the
allotted time is used to plan curriculum and individual lessons, reflect on instruction, and design assessments to improve student learning outcomes.
To gain more insight, read and discuss the “Professionalism’ section in Principles to Actions (pp. 99-108).

Finally, we recommend that school leaders, teachers, and stakeholders read and discuss the “Taking Action’ section of Principles to Actions (pp.

109-117). Discussing and reading Principles to Actions as a school community or mathematics department will stimulate productive conversations
that can lead to classroom improvements which will support the mathematics learning for all students across Alabama.
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STUDENT MATHEMATICAL PRACTICES

The Standards for Mathematical Practice, called “Student Mathematical Practices” in this document, describe varieties of expertise that mathematics
educators at all levels should seek to develop in their students. These practices are based on important processes and proficiencies that have long-
standing importance in mathematics education. The processes are the National Council of Teachers of Mathematics (NCTM) process standards of
problem-solving, reasoning and proof, communication, representation, and connections. The proficiencies are adaptive reasoning, strategic
competence, conceptual understanding (comprehension of mathematical concepts, operations, and relations), procedural fluency (skill in carrying out
procedures flexibly, accurately, efficiently, and appropriately), and productive disposition (habitual inclination to see mathematics as sensible, useful,
and worthwhile, coupled with a belief in diligence and one’s own efficacy). These are the strands of mathematical proficiency specified in the
National Research Council’s report, Adding It Up: Helping Children Learn Mathematics (2001). Most recently, these Student Mathematical
Practices have been supported by the National Assessment of Educational Progress (NAEP) in the draft of the 2025 NAEP Mathematics Framework
which was open for public comment in the spring of 2019. The completed Mathematics Framework for the 2025 National Assessment of Educational
Progress, which was released November 21, 2019, summarized the student mathematical practices into five NAEP Mathematical Practices and
reaffirmed the importance of incorporating these approaches and behaviors in the study of mathematics at all levels.

The eight Student Mathematical Practices are listed below along with a description of behaviors and performances of mathematically proficient
students.

Mathematically proficient students:

1. Make sense of problems and persevere in solving them.

These students start by explaining to themselves the meaning of a problem and looking for entry points to its solution. They analyze givens,
constraints, relationships, and goals. They make conjectures about the form and meaning of the solution and plan a solution pathway rather than
simply jumping into a solution attempt. These students consider analogous problems and try special cases and simpler forms of the original problem
in order to gain insight into its solution. They monitor and evaluate their progress and change course if necessary. Older students might, depending
on the context of the problem, transform algebraic expressions or change the viewing window on their graphing calculators to obtain the information
they need. Mathematically proficient students can explain correspondences among equations, verbal descriptions, tables, and graphs, or draw
diagrams of important features and relationships, graph data, and search for regularity or trends. Younger students might rely on using concrete
objects or pictures to help conceptualize and solve a problem. Mathematically proficient students check their answers to problems using a different
method, and they continually ask themselves, “Does this make sense?” They can understand the approaches of others to solve complex problems and
identify correspondences between different approaches.
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2. Reason abstractly and quantitatively.

Mathematically proficient students make sense of quantities and their relationships in problem situations. They bring two complementary abilities to
bear on problems involving quantitative relationships. One is the ability to decontextualize, to abstract a given situation, represent it symbolically,
and manipulate the representing symbols as if they have a life of their own, without necessarily attending to their referents. The second is the ability
to contextualize, to pause as needed during the manipulation process in order to probe into the referents for the symbols involved. Quantitative
reasoning entails habits of creating a coherent representation of the problem at hand; considering the units involved; attending to the meaning of
quantities, not just how to compute them; and knowing and flexibly using different properties of operations and objects.

3. Construct viable arguments and critique the reasoning of others.

These students understand and use stated assumptions, definitions, and previously established results in constructing arguments. They make
conjectures and build a logical progression of statements to explore the truth of their conjectures. They are able to analyze situations by breaking
them into cases, and can recognize and use counterexamples. These students justify their conclusions, communicate them to others, and respond to
the arguments of others. They reason inductively about data, making plausible arguments that take into account the context from which the data
arose. Mathematically proficient students are also able to compare the effectiveness of two plausible arguments; distinguish correct logic or
reasoning from that which is flawed; and, if there is a flaw in an argument, explain what it is. Elementary students can construct arguments using
concrete referents such as objects, drawings, diagrams, and actions. Such arguments can make sense and be correct, even though they are not
generalized or made formal until the middle or upper grades. Later, students learn to determine domains to which an argument applies. Students in
all grades can listen to or read the arguments of others, decide whether they make sense, and ask useful questions to clarify or improve the arguments.

4. Model with mathematics.

These students can apply the mathematics they know to solve problems arising in everyday life, society, and the workplace. In early grades, this
might be as simple as writing an addition equation to describe a situation. In middle grades, students might apply proportional reasoning to plan a
school event or analyze a problem in the community. By high school, students might use geometry to solve a design problem or use a function to
describe how one quantity of interest depends on another. Mathematically proficient students who can apply what they know are comfortable
making assumptions and approximations to simplify a complicated situation, realizing that these may need revision later. They are able to identify
important quantities in a practical situation and map their relationships using such tools as diagrams, two-way tables, graphs, flowcharts, and
formulas and can analyze those relationships mathematically to draw conclusions. They routinely interpret their mathematical results in the context
of the situation and reflect on whether the results make sense, possibly improving the model if it has not served its purpose.

5. Use appropriate tools strategically.

Mathematically proficient students consider available tools when solving a mathematical problem. These tools might include pencil and paper,
concrete models, a ruler, a protractor, a calculator, a spreadsheet, a computer algebra system, a statistical package, or dynamic geometry software.
Proficient students are sufficiently familiar with tools appropriate for their grade or course to make sound decisions about when each of these tools
might be helpful, recognizing both the insight to be gained and the tools’ limitations. For example, mathematically proficient high school students
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analyze graphs of functions and solutions generated using a graphing calculator. They detect possible errors by strategically using estimation and
other mathematical knowledge. When making mathematical models, they know that technology can enable them to visualize the results of varying
assumptions, explore consequences, and compare predictions with data. Mathematically proficient students at various grade levels are able to
identify relevant external mathematical resources, such as digital content located on a Web site, and use these to pose or solve problems. They are
able to use technological tools to explore and deepen their understanding of concepts.

6. Attend to precision.

These students try to communicate mathematical ideas and concepts precisely. They try to use clear definitions in discussion with others and in their
own reasoning. They state the meaning of the symbols they choose, including using the equal sign consistently and appropriately. Mathematically
proficient students are careful about specifying units of measure and labeling axes to clarify the correspondence with quantities in a problem. They
calculate accurately and efficiently, and express numerical answers with a degree of precision appropriate for the problem context. In the elementary
grades, students give carefully formulated explanations to each other. By the time they reach high school they have learned to examine claims and
make explicit use of definitions.

7. Look for and make use of structure.

Mathematically proficient students look closely to discern a pattern or structure. Young students, for example, might notice that three and seven
more is the same amount as seven and three more, or they may sort a collection of shapes according to how many sides the shapes have. Later,
students will see 7 x 8 equals 7 x 5 + 7 x 3, in preparation for learning about the distributive property. In the expression x? + 9x + 14, older students
can see the 14 as 2 x 7 and the 9 as 2 + 7. They recognize the significance of an existing line in a geometric figure and can use the strategy of
drawing an auxiliary line for solving problems. These students also can pause and reflect for an overview or a shift in perspective. They can observe
the complexities of mathematics, such as seeing some algebraic expressions as single objects or as being composed of several objects. For example,
they can see 5 — 3(x — y)? as 5 minus a positive number times a square and use that mental picture to realize that the value of the expression cannot be
more than 5 for any real numbers x and y.

8. Look for and express regularity in repeated reasoning.

Mathematically proficient students notice if calculations are repeated, and look both for general methods and for shortcuts. Upper elementary
students might notice when dividing 25 by 11 that they are repeating the same calculations over and over again and conclude they have a repeating
decimal. By paying attention to the calculation of slope as they repeatedly check whether points are on the line through (1, 2) with slope 3, middle
school students might abstract the equation (y — 2)/(x — 1) = 3. Noticing the regularity in the way terms cancel when expanding (x — 1) (x + 1), (x -
1)(x® + x + 1), and (x — 1)(x3 + x? + x + 1) might lead them to the general formula for the sum of a geometric series. As students work to solve a
problem, mathematically proficient students maintain oversight of the process while attending to the details and continually evaluate the
reasonableness of their intermediate results.
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Connecting the Student Mathematical Practices to the Standards for
Mathematical Content

The eight Student Mathematical Practices described on the previous pages indicate ways in which developing student practitioners of the discipline
of mathematics increasingly must engage with the subject matter as they grow in mathematical maturity and expertise throughout the elementary,
middle, and high school years. It is important that designers of curriculum, assessment, and professional development be aware of the need to
connect the mathematical practices to the mathematical content standards.

The Student Mathematical Practices are a balanced combination of procedure and understanding. Expectations that begin with the word
“understand” are often especially good opportunities to connect mathematical practices to mathematical content. Students who lack understanding of
a topic may rely too heavily on procedures. Without a flexible base from which to work, they may be less likely to consider analogous problems,
represent problems coherently, justify conclusions, apply the mathematics to practical situations, use technology mindfully to work with the
mathematics, explain the mathematics accurately to other students, pause for an overview, or deviate from a known procedure to find a shortcut.
Thus, a lack of understanding effectively prevents a student from engaging in the mathematical practices.

In this respect, those content standards which set an expectation of understanding are potential “points of intersection” between the Student
Mathematical Practices and the Standards for Mathematical Content. These points of intersection are intended to be weighted toward central and
generative concepts in the school mathematics curriculum that most merit the time, resources, innovative energies, and focus needed to qualitatively
improve curriculum, instruction, assessment, professional development, and student achievement in mathematics.
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DIRECTIONS FOR INTERPRETING CONTENT STANDARDS
GRADES K-8

The 2019 Alabama Course of Study: Mathematics for Grades K-8 is organized around the following elements: Student Mathematical Practices,
Alabama Content Areas, Clusters, and Content Standards. These four elements are explained below.

The Student Mathematical Practices represent what students are doing as they learn mathematics. These practices are processes and proficiencies
in which students should regularly engage as they learn mathematics. Proficiency with these practices is critical in using mathematics, both within the
classroom and in life. These practices are identified at the beginning of each grade band and are to be incorporated across all grades.

Alabama Content Areas are large groups of related clusters and content standards. In the example on the next page, the Alabama Content Area is
“Operations with Numbers: Base Ten.” Standards from different Alabama Content Areas may be closely related.

Clusters group related content standards. The cluster in the example is “Extend the counting sequence.” Because mathematics is a connected
subject, standards from different clusters may sometimes be closely related.

Content Standards, listed to the right of each cluster, contain the minimum required content and define what students should know and be able to do
at the conclusion of a course or grade. Some have sub-standards, indicated with a, b, ¢, d, which are extensions of the content standards and are also
required. Some standards are followed by examples, which are not required to be taught. When standards indicate that drawings may be used, the
drawings need not show details but should show the mathematics in the problem. The order in which standards are listed within a course or grade is
not intended to convey a sequence for instruction. Each content standard completes the stem “Students will...”

The course of study does not dictate curriculum, teaching methods, or sequence. Each local education authority (LEA) should create its own
curriculum and pacing guide based on the Course of Study. LEAs may add standards to meet local needs and incorporate local resources. Even
though one topic may be listed before another, the first topic does not have to be taught before the second. A teacher may choose to teach the second
topic before the first; to teach both at the same time to highlight connections; or to select a different topic that leads to students reaching the standards
for both topics.
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Alabama

Content Area Standard
Number
l GRADE 1
Operations with Nun;]aé's: Base Ten
Extend the counting —10. Extend the number sequence from 0 to 120.
sequence. a. Count forward and backward by ones, starting at any number less than 120.

b. Read numerals from 0 to 120.
¢. Write numerals from 0 to 120.
/ ~ d. Represent a number of objects from 0 to 120 with a written numeral.

7 7
Cluster Content
Standard

DIRECTIONS FOR INTERPRETING THE CONTENT STANDARDS
HIGH SCHOOL

Standards in the required high school courses of the 2019 Alabama Course of Study: Mathematics are organized in alignment with the essential concepts described
by National Council of Teachers of Mathematics (2018), which embody the concepts and skills that all students need to build their mathematical foundation for the
continued study of mathematics and for future mathematical needs.

The essential concepts are listed the left side of the table. They are divided among four Alabama Content Areas (Number; Algebra and Functions; Data
Analysis, Statistics, and Probability; and Geometry and Measurement), which appear as headings above the list of standards for each course. Each content area
(except Number) is further organized into several focus areas (groups of related concepts), similar to clusters in Grades K-8. These focus areas appear as headings
above the standards.

Content Standards support attainment of the essential concepts and are written beside them in the table. These numbered standards define what students should
understand (know) and be able to do at the conclusion of a course or grade. Content standards contain minimum required content. Some have sub-standards,
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indicated with a, b, ¢, d, which are extensions of the content standards and are also required. Some standards are followed by examples, which are not required to

be taught.

Some related standards appear across multiple high school courses. In many cases, there is a bold print statement to indicate the scope of the standard and to align
the content that is taught across the courses. The full scope of every standard should be addressed during instruction.

The order in which standards are listed within a course or grade is not intended to convey a sequence for instruction. When standards indicate that drawings may
be used, the drawings need not show details but should show the mathematics in the problem. Each content standard completes the stem “Students will...”

The essential concepts are used to organize the required courses: Geometry with Data Analysis, Algebra | with Probability, and Algebra Il with Statistics.
The specialized courses taken after Algebra Il with Statistics are organized in ways related to their specific subject matter which extend beyond the
essential concepts to directly support students’ professional and personal goals.

Alabama
Content Area

\

Focus Area

Algebra and Funcli@s/

Focus 1: Algebra

Expressions can be rewritten in equivalent 4.
forms by using algebraic properties,
including properties of addition,
multiplication, and exponentiation, to make
different characteristics or features visible.

LA

_ Content
Essential Standard
Concept Number

Interpret linear, quadratic, and exponential expressions in terms of a context by viewing one or
more of their parts as a single entity.
Example: Interpret the accrued amount af investmpnt P(l + »)*, where P is the principal and »
is the interest rate, as the product af P and a factop depending on time t.

Use the structure of an expression to identify ways to rewrite 1t
Example: See x* - v* as (x2)? - (vD)?, thus rdcegniting it as a difference of squares that can be
factored as (x* - v (x2 + v

Content
Standard
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GRADES K-2 OVERVIEW

The K-2 section of the 2019 Alabama Course of Study: Mathematics focuses on developing the foundations of mathematics. As the diagram
illustrates below, K-2 students actively explore and investigate the meaning and relationships of numbers through Foundations of Counting;
Operations with Numbers: Base Ten; Operations and Algebraic Thinking; Data Analysis; Measurement; and Geometry, which are identified as
Alabama Content Areas. Students grow in mathematical understanding from year to year as they use the Student Mathematical Practices and attain
the content standards. The K-2 standards establish the groundwork for future mathematical success.

The Alabama Content Areas shown below illustrate a progression designed to ensure that all students are equitably prepared to develop conceptual
understanding of mathematics. The NAEP (National Assessment of Educational Progress) content areas reflect an emphasis on the importance of
mathematical reasoning throughout the full spectrum of mathematical content. Alabama Content Areas explicitly define the framework needed for
students to develop a comprehensive understanding of underlying mathematics concepts.

Overview of Alabama Mathematics Content Areas

NAEP (ontent Areas Kindergarten ] ) 3 4 5 b 1 8 High School
Foundations of (ounting
Number Properties e , 2 .
and Operations (perations with Numbers: Base Ten Proportional Reasoning e
(Operations with Numbers: Fractions | Number Systems and Operations
Algebra Operations and Algebraic Thinking Algebra and Functions
Data Analysis, Statistics, ; e h
and Probability Lt e Data Analysis, Statistis,and Probabilty
Measurement Measurement
Geometry and Measurement
Geometry Geometry
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Kindergarten Mathematics Overview

Kindergarten content is organized into six Alabama Content Areas as outlined in the table below: Foundations of Counting; Operations and
Algebraic Thinking; Operations with Numbers: Base Ten; Data Analysis; Measurement; and Geometry. Related standards are grouped into
clusters, which are listed below each content area. Standards indicate what the student should know or be able to do by the end of the grade.

Foundations of . . Operations with
Alabama Countin ClperELIe e ] L Numbers: Base Data Analysis Measurement Geometr
Content Areas 9 Thinking Ten. y y
e Know number e Understand addition as e Work with e Collect e Describe and e Identify and describe
names and the putting together and adding numbers 11-19 and compare shapes.
count sequence. to, and understand to gain analyze measurable e Analyze, compare, create,
Clusters e Countto tell the subtraction as taking apart foundations for data and attributes. and compose shapes.
number of objects. and taking from. place value. interpret
* Compare numbers. e Understand simple patterns. results.

The eight Student Mathematical Practices, listed in the chart below, represent what students are doing as they learn mathematics. Students
should regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these
practices is critical in using mathematics, in the classroom and in everyday life. The Student Mathematical Practices are standards to be
incorporated across all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

Content Priorities

In kindergarten, instructional time should focus on two critical areas:
1. developing a sound sense of numbers by representing and comparing numbers, using sets of objects; and
2. recognizing and describing shapes and using spatial relations.
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Kindergarten Mathematics

The majority of learning time should be focused on number sense.

1. Through their learning in the Foundations of Counting and Operations and Algebraic Thinking Alabama Content Areas, students

develop a formal sense of numbers including number sequence, one-to-one correspondence, cardinality, and subitizing;

use numbers, including written numerals, to represent quantities and to solve quantitative problems such as counting objects in a set,
counting out a given number of objects, comparing sets or numerals, and modeling simple joining and separating situations with sets of
objects, eventually with equations suchas5+2 =7 and 7 -2 =5. (Note: Kindergarten students should see addition and subtraction
equations, and student writing of equations in kindergarten is encouraged, but not required.);

choose, combine, and apply effective strategies for answering quantitative questions, including quickly recognizing the cardinalities of
small sets of objects, counting and producing sets of given sizes, counting the number of objects in combined sets, or counting the
number of objects that remain in a set after some are taken away; and

duplicate and extend simple patterns by using concrete objects.

(Note: Looking for, duplicating, and extending patterns are important processes in thinking algebraically.)

2. Through their learning in the Geometry and Measurement Alabama Content Areas, students

describe objects in their physical world using both mathematical vocabulary and geometric ideas;

identify, name, and describe basic two-dimensional shapes, such as squares, triangles, circles, rectangles, and hexagons, presented in a
variety of ways (e.g., in different sizes and orientations);

identify three-dimensional shapes such as cubes, cones, cylinders, and spheres;

use basic shapes and spatial reasoning to model objects in their environment to create and compose more complex shapes; and

explore pennies.

(Note: The term explore indicates that the topic is an important concept which builds the foundation for progression toward mastery in
later grades.)

When standards indicate that drawings may be used, the drawings need not be detailed but should show the mathematics in the problem.

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

19
2019 Alabama Course of Study: Mathematics



Kindergarten Mathematics

Kindergarten Content Standards

Each content standard completes the stem *“Students will...”

Foundations of Counting

Know number names and | 1. Count forward orally from 0 to 100 by ones and by tens. Count backward orally from 10 to O by ones.

the count sequence.
2. Count to 100 by ones beginning with any given number between 0 and 99.

Note on number reversals:

Learning to write numerals | 3. Write numerals from 0 to 20.

is generally more difficult a. Represent 0 to 20 using concrete objects when given a written numeral from 0 to 20 (with O representing a

th:_:m learning to read them. count of no objects).

It is common for students to

reverse numerals at this

stage.

Count to tell the number | 4. Connect counting to cardinality using a variety of concrete objects.

of objects. a. Say the number names in consecutive order when counting objects.

b. Indicate that the last number name said tells the number of objects counted in a set.
c. Indicate that the number of objects in a set is the same regardless of their arrangement or the order in
which they were counted.
d. Explain that each successive number name refers to a quantity that is one larger.
5. Count to answer “how many?” questions.
a. Count using no more than 20 concrete objects arranged in a line, a rectangular array, or a circle.
b. Count using no more than 10 concrete objects in a scattered configuration.
c. Draw the number of objects that matches a given numeral from 0 to 20.

Compare numbers. 6. Orally identify whether the number of objects in one group is greater/more than, less/fewer than, or equal/the
same as the number of objects in another group, in groups containing up to 10 objects, by using matching,
counting, or other strategies.

7. Compare two numbers between 0 and 10 presented as written numerals (without using inequality symbols).
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Kindergarten Mathematics

Operations and Algebraic Thinking

Understand addition as 8. Represent addition and subtraction up to 10 with concrete objects, fingers, pennies, mental images, drawings,
putting together and claps or other sounds, acting out situations, verbal explanations, expressions, or equations.
adding to, and
understand subtraction as | 9. Solve addition and subtraction word problems, and add and subtract within 10, by using concrete objects or
taking apart and taking drawings to represent the problem.
from.

10. Decompose numbers less than or equal to 10 into pairs of smaller numbers in more than one way, by using
*Note: Drawings need concrete objects or drawings, and record each decomposition by a drawing or equation.
not be detailed but Example:5=2+3and 5=4+1
should show the
mathematics in the 11. For any number from 0 to 10, find the number that makes 10 when added to the given number, by using concrete
problem. objects or drawings, and record the answer with a drawing or equation.

12. Fluently add and subtract within 5.
Understand simple 13. Duplicate and extend simple patterns using concrete objects.

patterns.

Operations with Numbers

Work with numbers 11-
19 to gain foundations
for place value.

14. Compose and decompose numbers from 11 to 19 by using concrete objects or drawings to demonstrate

understanding that these numbers are composed of ten ones and one, two, three, four, five, six, seven, eight, or
nine ones.

Data Analysis

Collect and analyze data
and interpret results.

15. Classify objects into given categories of 10 or fewer; count the number of objects in each category and sort the

categories by count.
a. Categorize data on Venn diagrams, pictographs, and "yes-no" charts using real objects, symbolic
representations, or pictorial representations.

2019 Alabama Course of Study: Mathematics

21



Kindergarten Mathematics

Measurement

Describe and compare
measurable attributes.

16.

17.

Identify and describe measurable attributes (length, weight, height) of a single object using vocabulary such as
long/short, heavy/light, or tall/short.

Directly compare two objects with a measurable attribute in common to see which object has “more of” or “less
of” the attribute and describe the difference.
Example: Directly compare the heights of two children and describe one child as “taller” or ““shorter.”

Geometry

Identify and describe
shapes (squares, circles,
triangles, rectangles,
hexagons, cubes, cones,
cylinders, and spheres).

18.

19.

20.

Describe objects in the environment using names of shapes, and describe the relative positions of these objects
using terms such as above, below, beside, in front of, behind, and next to.

Correctly name shapes regardless of their orientations or overall sizes.

Identify shapes as two-dimensional (lying in a plane, “flat”) or three-dimensional (“solid”).

Analyze, compare,
create, and compose
shapes.

21.

22.

23.

Analyze and compare two- and three-dimensional shapes, in different sizes and orientations, using informal
language to describe their similarities, differences, parts (number of sides and vertices or “corners”), and other
attributes.

Example: having sides of equal length

Model shapes in the world by building them from sticks, clay balls, or other components and by drawing them.

Use simple shapes to compose larger shapes.
Example: Join two triangles with full sides touching to make a rectangle.
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Grade 1 Mathematics Overview

Grade 1 content is organized into five Alabama Content Areas as outlined in the table below: Operations and Algebraic Thinking; Operations
with Numbers: Base Ten; Data Analysis; Measurement; and Geometry. Related standards are grouped into clusters, which are listed below

each content area. Standards indicate what the student should know or be able to do by the end of the grade.

equations.
e Understand simple patterns.

Coﬁltzgftim?eas Operations and Algebraic Thinking Operatlogsé:(\enfperl:lumbers. Data Analysis Measurement Geometry

e Represent and solve problems involving e Extend the counting e Collect and e Describe and e Reason with shapes
addition and subtraction. sequence. analyze data compare and their attributes.

e Understand and apply properties of e Understand place value. and interpret measurable
operations and the relationship between e Use place value results. attributes.

Clusters addition and subtra(_:tlc_m. underst_anding and _ . Work with
e Add and subtract within 20. properties of operations time and
e Work with addition and subtraction to add and subtract. money.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should

regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is

critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be

incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade 1 Mathematics

Content Priorities

In Grade 1, instructional time should focus on four critical areas:

1. developing understanding of addition, subtraction, and strategies for addition and subtraction within 20;

2. developing understanding of whole number relationships and place value, including grouping in tens and ones;
3. developing understanding of linear measurement and measuring lengths as iterating length units; and

4. reasoning about attributes of and composing and decomposing geometric shapes.

Important information regarding these four critical areas of instruction follows.

1.

Through their learning in the Operations and Algebraic Thinking Alabama Content Area, students

develop strategies for adding and subtracting whole numbers based on prior work with small numbers;

use a variety of models, including concrete objects and length-based models such as cubes connected to form lengths, to model add-to,
take-from, put-together, take-apart, and compare situations as a means of developing meaning for the operations of addition and
subtraction and developing strategies to solve arithmetic problems with these operations;

understand connections between counting and addition and subtraction (e.g., adding two is the same as counting on two);

use properties of addition to add whole numbers and to create and use increasingly sophisticated strategies based on these properties,
such as “making tens,” to solve addition and subtraction problems within 20;

build their understanding of the relationship between addition and subtraction by comparing a variety of solution strategies; and
reproduce, extend, and create patterns and sequences of numbers using a variety of materials.

Note: Reproducing, extending, and creating patterns are important processes in thinking algebraically.

Through their learning in the Operations with Numbers: Base Ten Alabama Content Area, students

develop, discuss, and use efficient, accurate, and generalizable methods to add within 100 and to subtract multiples of 10;

compare whole numbers, at least to 100, to develop understanding of and solve problems involving their relative sizes;

think of whole numbers between 10 and 99 in terms of tens and ones (especially recognizing the numbers 11 to 19 as composed of a ten
and some ones); and

understand the order of the counting numbers and their relative magnitudes through activities that build number sense.

Through their learning in the Measurement Alabama Content Area, students

develop an understanding of the meaning and processes of measurement, including underlying concepts such as iterating (the mental
activity of building up the length of an object with equal-sized units) and the transitivity principle for indirect measurement; and
work with time and money.

24
2019 Alabama Course of Study: Mathematics



Grade 1 Mathematics

Note: Students should apply the principle of transitivity of measurement to make indirect comparisons, although they need not use this

technical term.

4. Through their learning in the Geometry Alabama Content Area, students

e compose and decompose plane or solid figures, including putting two triangles together to make a quadrilateral, and build understanding

of part-whole relationships as well as the properties of the original and composite shapes; and

e combine shapes, recognize them from different perspectives and orientations, describe their geometric attributes, and determine how they
are alike and different, to develop the background for measurement and initial understandings of properties such as congruence and
symmetry for use in later grades.

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

Each content standard completes the stem *“Students will...”

Grade 1 Content Standards

Operations and Algebraic Thinking

Represent and solve
problems involving
addition and subtraction.

Note: Students use
properties of operations
and different strategies to
find the sum of three
whole numbers, such as
counting on, making tens,
decomposing numbers,
doubles, and near
doubles.

1. Use addition and subtraction to solve word problems within 20 by using concrete objects, drawings, and equations
with a symbol for the unknown number to represent the problem.

Add to with change unknown to solve word problems within 20.

Take from with change unknown to solve word problems within 20.

Put together/take apart with addend unknown to solve word problems within 20.

Compare quantities, with difference unknown, bigger unknown, and smaller unknown while solving word

a

b.
C.
d.

2. Solve word problems that call for addition of three whole numbers whose sum is less than or equal to 20 by using
concrete objects, drawings, or equations with a symbol for the unknown number to represent the problem.

problems within 20.
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Grade 1 Mathematics

Understand and apply
properties of operations
and the relationship
between addition and
subtraction.

Note: Students need not
use formal terms for these
properties.

. Apply properties of operations as strategies to add and subtract.

Examples: If 8 + 3 =11 is known, then 3 + 8 = 11 is also known (commutative property of addition).

To add 2 + 6 + 4, the second and third numbers can be added to make aten,so2+6+4=2+10=12
(associative property of addition).

When adding 0 to a number, the result is the same number (identity property of zero for addition).

Explain subtraction as an unknown-addend problem.
Example: subtracting 10 - 8 by finding the number that makes 10 when added to 8

Add and subtract within
20.

Note: Fluency involves a
mixture of “just knowing™
answers, knowing answers
from patterns, and
knowing answers from the
use of strategies. The
word fluently is used in
the standards to mean
accurately, efficiently, and
flexibly.

Relate counting to addition and subtraction. Example: counting on 2 to add 2

. Add and subtract within 20.

a. Demonstrate fluency with addition and subtraction facts with sums or differences to 10 by counting on.

b. Demonstrate fluency with addition and subtraction facts with sums or differences to 10 by making ten.

c. Demonstrate fluency with addition and subtraction facts with sums or differences to 10 by decomposing a
number leading to a ten.
Example: 13-4=13-3-1=10-1=9

d. Demonstrate fluency with addition and subtraction facts with sums or differences to 10 by using the
relationship between addition and subtraction.
Example: Knowing that 8 + 4 = 12, one knows 12 - 8 = 4.

e. Demonstrate fluency with addition and subtraction facts with sums or differences to 10 by creating equivalent
but easier or known sums.
Example: adding 6 + 7 by creating the known equivalent6 + 6 + 1 =12 + 1 =13

Work with addition and
subtraction equations.

Explain that the equal sign means “the same as.” Determine whether equations involving addition and subtraction
are true or false.

Example: determining which of the following equations are true and which are false: 6 =6,7 =8 -1,
5+2=2+54+1=5+2

Solve for the unknown whole number in various positions in an addition or subtraction equation, relating three
whole numbers that would make it true.

Example: determining the unknown number that makes the equation true in each of the equations 8 + ? =11,
5=?-3,and6+6="7
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Grade 1 Mathematics

Understand simple 9. Reproduce, extend, and create patterns and sequences of numbers using a variety of materials.
patterns.

Operations with Numbers: Base Ten

Extend the counting 10. Extend the number sequence from 0 to 120.

sequence. a. Count forward and backward by ones, starting at any number less than 120.
b. Read numerals from 0 to 120.

c. Write numerals from 0 to 120.

d. Represent a number of objects from 0 to 120 with a written numeral.

Understand place value. | 11. Explain that the two digits of a two-digit number represent amounts of tens and ones.

a. Identify a bundle of ten ones as a “ten.”

b. Identify the numbers from 11 to 19 as composed of a ten and one, two, three, four, five, six, seven, eight, or nine
ones.

c. ldentify the numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 as one, two, three, four, five, six, seven, eight, or nine tens
(and 0 ones).

12. Compare pairs of two-digit numbers based on the values of the tens and ones digits, recording the results of
comparisons with the symbols >, =, and < and orally with the words “is greater than,” “is equal to,” and “is less

than.”
Use place value 13. Add within 100, using concrete models or drawings and strategies based on place value.
understanding and a. Add a two-digit number and a one-digit number.
properties of operations b. Add a two-digit number and a multiple of 10.
to add and subtract. c. Demonstrate that in adding two-digit numbers, tens are added to tens, ones are added to ones, and sometimes it is

necessary to compose a ten.
d. Relate the strategy for adding a two-digit number and a one-digit number to a written method and explain the
reasoning used.

14. Given a two-digit number, mentally find 10 more or 10 less than the number without having to count, and explain
the reasoning used.

15. Subtract multiples of 10 from multiples of 10 in the range 10-90 (positive or zero differences), using concrete
models or drawings and strategies based on place value, properties of operations, and/or the relationship between
addition and subtraction. Relate the strategy to a written method and explain the reasoning used.
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Grade 1 Mathematics

Data Analysis

Collect and analyze data
and interpret results.

16. Organize, represent, and interpret data with up to three categories.

a.
b.

Ask and answer questions about the total number of data points in organized data.
Summarize data on Venn diagrams, pictographs, and "yes-no™ charts using real objects, symbolic

representations, or pictorial representations.

Determine “how many” in each category using up to three categories of data.
Determine “how many more” or “how many less” are in one category than in another using data organized

into two or three categories.

Measurement

Describe and compare
measurable attributes.

17. Order three objects by length; compare the lengths of two objects indirectly by using a third object.

18. Determine the length of an object using non-standard units with no gaps or overlaps, expressing the length of the

object with a whole number.

Work with time and
money.

19. Tell and write time to the hours and half hours using analog and digital clocks.

20. Identify pennies and dimes by name and value.

Geometry

Reason with shapes and
their attributes.

Note: Students do not
need to learn formal
names such as “right
rectangular prism.”

21. Build and draw shapes which have defining attributes.

a. Distinguish between defining attributes and non-defining attributes.
Examples: Triangles are closed and three- sided, which are defining attributes; color, orientation, and overall

size are non-defining attributes.

22. Compose two-dimensional shapes (rectangles, squares, trapezoids, triangles, half-circles, and quarter-circles) or
three-dimensional shapes (cubes, right rectangular prisms, right circular cones, and right circular cylinders) to
create a composite shape, and compose new shapes from the composite shape.
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Grade 1 Mathematics

23. Partition circles and rectangles into two and four equal shares and describe the shares using the words halves,
fourths, and quarters, and use the phrases half of, fourth of, and quarter of.
a. Describe “the whole” as two of or four of the shares of circles and rectangles partitioned into two or four equal
shares.
b. Explain that decomposing into more equal shares creates smaller shares of circles and rectangles.
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Grade 2 Mathematics Overview

Grade 2 content is organized into five Alabama Content Areas as outlined in the table below: Operations and Algebraic Thinking; Operations
with Numbers: Base Ten; Data Analysis; Measurement; and Geometry. Related standards are grouped into clusters, which are listed below
each content area. Standards indicate what the student should know or be able to do by the end of the grade.

Coﬁltzg?r,?\?eas Operations and Algebraic Thinking Nl?rﬁgﬁtsl:ogzgglfpen Data Analysis Measurement Geometry

e Represent and solve problems e Understand place e Collect and e Measure and estimate e Reason with shapes
involving addition and value. analyze data and lengths in standard and their attributes.
subtraction. e Use place value interpret results. units.
Add and subtract within 20. understanding and o Relate addition and

Clusters e Work with equal groups of properties of subtraction to length.

objects to gain foundations for operations to add and e Work with time and
multiplication. subtract. money.

e Understand simple patterns.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students
should regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these
practices is critical in using mathematics in the classroom and in everyday life. The Student Mathematical Practices are standards which
should be incorporated across all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

Content Priorities

In Grade 2, instructional time should focus on four critical areas:
1. building fluency with addition and subtraction;
2. extending understanding of base-ten notation;
3. using standard units of measure; and
4. describing and analyzing shapes.

2019 Alabama Course of Study: Mathematics
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Grade 2 Mathematics

Important information regarding these four critical areas of instruction follows.

1. Through their learning in the Operations and Algebraic Thinking Alabama Content Area, students

e use their understanding of addition to develop fluency with addition and subtraction within 100, including ability to state automatically the
sums of all one-digit numbers by the end of the grade;

e solve problems within 1000 by applying their understanding of models for addition and subtraction, and develop, discuss, and use
efficient, accurate, and generalizable methods to compute sums and differences of whole numbers in base-ten notation, using their
understanding of place value and the properties of operations;

e select and accurately apply methods that are appropriate for the context and the numbers involved to mentally calculate sums and
differences for numbers with only tens or only hundreds; and

e reproduce, extend, create, and describe patterns and sequences using a variety of materials.

Note: Reproducing, extending, creating, and describing patterns are important processes in thinking algebraically.

2. Through their learning in the Operations with Numbers: Base Ten Alabama Content Area, students
e extend their understanding of the base-ten system. This includes ideas of counting in fives, tens, and multiples of hundreds, tens, and
ones, as well as number relationships involving these units, including comparing; and
e understand multi-digit numbers (up to 1000) written in base-ten notation, recognizing that the digits in each place represent amounts of
thousands, hundreds, tens, or ones (e.g., 853 is 8 hundreds + 5 tens + 3 ones).

3. Through their learning in the Measurement Alabama Content Area, students
e recognize the need for standard units of measure, including centimeter and inch, and use rulers and other measurement tools with the
understanding that linear measure involves an iteration of units; and
e recognize that the smaller the unit, the more iterations are needed to cover a given length.

4. Through their learning in the Geometry Alabama Content Area, students
e describe and analyze shapes by examining their sides and angles;
e investigate, describe, and reason about decomposing and combining shapes to make other shapes; and
e draw, partition, and analyze two- and three-dimensional shapes to develop a foundation for understanding area, volume, congruence,
similarity, and symmetry in later grades.

When standards indicate that drawings may be used, the drawings need not be detailed but should show the mathematics in the problem.

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.
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Grade 2 Mathematics

*Note: fluency vs. automaticity. Fluency involves a mixture of “just knowing” answers, knowing answers from patterns, and knowing answers from
the use of strategies. The word fluently is used in the standards to mean accurately, efficiently and flexibly. Automaticity of facts becomes evident
when a student no longer uses a pattern or mental algorithm to determine the answer.

Grade 2 Content Standards

Each content standard completes the stem ““Students will...”

Operations and Algebraic Thinking

Represent and solve
problems involving
addition and subtraction.
Note: Second grade
problem types include
adding to, taking from,
putting together, taking
apart, and comparing with
unknowns in all positions.

1. Use addition and subtraction within 100 to solve one- and two-step word problems by using drawings and

equations with a symbol for the unknown number to represent the problem.

Add and subtract within
20.

See note regarding fluency
vs. automaticity in the
Overview.

Fluently add and subtract within 20 using mental strategies such as counting on, making ten, decomposing a
number leading to ten, using the relationship between addition and subtraction, and creating equivalent but easier
or known sums.

a. State automatically all sums of two one-digit numbers.

Work with equal groups of
objects to gain foundations
for multiplication.

. Use concrete objects to determine whether a group of up to 20 objects is even or odd.

. Using concrete and pictorial representations and repeated addition, determine the total number of objects in a

a. Write an equation to express an even number as a sum of two equal addends.

rectangular array with up to 5 rows and up to 5 columns.
a. Write an equation to express the total number of objects in a rectangular array with up to 5 rows and up to 5
columns as a sum of equal addends.

Understand simple
patterns.

. Reproduce, extend, create, and describe patterns and sequences using a variety of materials.
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Grade 2 Mathematics

Operations with Numbers: Base Ten

Understand place value.

6.

Explain that the three digits of a three-digit number represent amounts of hundreds, tens, and ones.

a. Explain the following three-digit numbers as special cases: 100 can be thought of as a bundle of ten tens, called
a “hundred,” and the numbers 100, 200, 300, 400, 500, 600, 700, 800, 900 refer to one, two, three, four, five,
six, seven, eight, or nine hundreds (and 0 tens and 0 ones).

Count within 1000 by ones, fives, tens, and hundreds.
Read and write numbers to 1000 using base-ten numerals, number names, and expanded form.
Compare two three-digit numbers based on the value of the hundreds, tens, and ones digits, recording the results of

comparisons with the symbols >, =, and < and orally with the words “is greater than,” “is equal to,” and “is less
than.”

Use place value
understanding and
properties of operations
to add and subtract.

10.

11.

12.

13.

14.

Fluently add and subtract within 100, using strategies based on place value, properties of operations, and/or the
relationship between addition and subtraction.

Use a variety of strategies to add up to four two-digit numbers.

Add and subtract within 1000 using concrete models or drawings and strategies based on place value, properties of

operations, and/or the relationship between addition and subtraction; relate the strategy to a written method.

a. Explain that in adding or subtracting three-digit numbers, one adds or subtracts hundreds and hundreds, tens
and tens, ones and ones; and sometimes it is necessary to compose or decompose tens or hundreds.

Mentally add and subtract 10 or 100 to a given number between 100 and 900.

Explain why addition and subtraction strategies work, using place value and the properties of operations.
Note: Explanations may be supported by drawings or objects.
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Grade 2 Mathematics

Data Analysis
Collect and analyze data | 15. Measure lengths of several objects to the nearest whole unit.
and interpret results. a. Create a line plot where the horizontal scale is marked off in whole-number units to show the lengths of several
measured objects.
16. Create a picture graph and bar graph to represent data with up to four categories.
a. Using information presented in a bar graph, solve simple “put-together,” “take-apart,” and “compare”
problems.
b. Using Venn diagrams, pictographs, and "yes-no" charts, analyze data to predict an outcome.
Measurement
Measure and estimate 17. Measure the length of an object by selecting and using standard units of measurement shown on rulers, yardsticks,
lengths in standard units. meter sticks, or measuring tapes.
18. Measure objects with two different units, and describe how the two measurements relate to each other and the size
of the unit chosen.
19. Estimate lengths using the following standard units of measurement: inches, feet, centimeters, and meters.
20. Measure to determine how much longer one object is than another, expressing the length difference of the two
objects using standard units of length.
Relate addition and 21. Use addition and subtraction within 100 to solve word problems involving same units of length, representing the
subtraction to length. problem with drawings (such as drawings of rulers) and/or equations with a symbol for the unknown number.
22. Create a number line diagram using whole numbers and use it to represent whole-number sums and differences
within 100.
Work with time and 23. Tell and write time from analog and digital clocks to the nearest five minutes, using a.m. and p.m.
money. a. Express an understanding of common terms such as, but not limited to, quarter past, half past, and quarter to.
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Grade 2 Mathematics

24. Solve problems with money.
a. Identify nickels and quarters by name and value.
b. Find the value of a collection of quarters, dimes, nickels, and pennies.
c. Solve word problems by adding and subtracting within one dollar, using the $ and ¢ symbols appropriately (not
including decimal notation).
Example: 24¢ + 26¢ = 50¢

Geometry
Reason with shapes and | 25. Identify triangles, quadrilaterals, pentagons, hexagons, and cubes.
their attributes. a. Recognize and draw shapes having specified attributes.

Examples: a given number of angles or a given number of equal faces
26. Partition a rectangle into rows and columns of same-size squares, and count to find the total number of squares.
27. Partition circles and rectangles into two, three, or four equal shares. Describe the shares using such terms as

halves, thirds, half of, or a third of, and describe the whole as two halves, three thirds, or four fourths.
a. Explain that equal shares of identical wholes need not have the same shape.
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GRADES 3-5 OVERVIEW

The Grades 3-5 course of study focuses on strengthening the foundations of mathematics, empowering students for middle school mathematics, and
developing their understanding of mathematics in relation to everyday life. To ensure that all students receive the preparation they deserve,
instruction will focus on building conceptual understanding of the mathematics needed for a lifetime. Students in Grades 3-5 will extend their
learning through content areas of Operations with Numbers: Base Ten; Operations with Numbers: Fractions; Operations and Algebraic Thinking;
Data Analysis; Measurement; and Geometry. In order to achieve the necessary focus on Grades 3-5 content, Student Mathematical Practices are
integrated with instruction to foster habits of mind as students engage in critical areas for each grade level.

The Alabama Content Areas shown below illustrate a progression designed to ensure that all students are equitably prepared to develop conceptual
understanding of mathematics. The NAEP (National Assessment of Educational Progress) content areas reflect an emphasis on the importance of
mathematical reasoning throughout the full spectrum of mathematical content. Alabama Content Areas explicitly define the framework needed for
students to develop a comprehensive understanding of underlying mathematics concepts.

Overview of Alabama Mathematics Content Areas

NAEP (ontent Areas Kindergarten 1 2 3 4 5 b 1 8 High School
Foundations of (ounting
Number Properties e _ 2 .
and Operations Operations with Numbers: Base Ten Proportional Reasoning .
Operations with Numbers; Fractions | Number Systems and Operations
Algebra (Operations and Algebraic Thinking Algebra and Functions
Data Analysis, Statistics, : SR *
and Probability LB leare L Da
Measurement Measurement
Geometry and Measurement
Geometry Geometry
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Grade 3 Overview

Grade 3 content is organized into six Alabama Content Areas of study as outlined in the table below: Operations and Algebraic Thinking; Operations
with Numbers: Base Ten; Operations with Numbers: Fractions; Data Analysis; Measurement; and Geometry. Related standards are grouped into
clusters, which are listed below each content area. Standards indicate what the student should know or be able to do by the end of the grade.

Operations with

division.

e Multiply and divide within
100.

e Solve problems involving
the four operations, and
identify and explain
patterns in arithmetic.

multiplication and addition.
Geometric measurement:
recognize perimeter as an
attribute of plane figures
and distinguish between
linear and area measures.

Alabama Operatlons_an(_j AL Numbers: Operat.lons W'.th Data Analysis Measurement Geometry
Content Areas Thinking Numbers: Fractions
Base Ten
e Represent and solve e Use place value o Develop e Represent and e Solve problems involving e Reason with shapes
problems involving understanding understanding of interpret data. measurement and and their attributes
multiplication and and properties fractions as estimation of intervals of
division. of operations to numbers. time, liquid volumes, and
e Understand properties of perform multi- masses of objects.
multiplication and the digit e Geometric measurement:
relationship between arithmetic. understand concepts of area
multiplication and and relate area to
Clusters

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical

in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices should be regarded as standards to be

incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade 3 Mathematics

Content Priorities

In Grade 3, instructional time should focus on four critical areas:

1. developing understanding of multiplication and division and strategies for multiplication and division within 100;
2. developing understanding of fractions, especially unit fractions (fractions with numerator 1);

3. developing understanding of the structure of rectangular arrays and of area; and

4. describing and analyzing two-dimensional shapes.

1. Through their learning in the Operations and Algebraic Thinking Alabama Content Area, students

develop an understanding of the meanings of multiplication and division of whole numbers through activities and problems involving
equal-sized groups, arrays, and area models; multiplication is finding an unknown product and division is finding an unknown factor in
these situations. For equal-sized group situations, division can require finding the unknown number of groups or the unknown group
size;

use properties of operations to calculate products of whole numbers, using increasingly sophisticated strategies based on these properties
to solve multiplication and division problems involving single-digit factors; and

compare a variety of solution strategies, to learn the relationship between multiplication and division.

2. Through their learning in the Operations with Numbers: Fractions Alabama Content Area, students

develop an understanding of fractions, beginning with unit fractions;

view fractions in general as being composed of unit fractions, and use fractions along with visual fraction models such as area models,
fraction strips, and number lines to represent parts of a whole;

understand that the size of a fractional part is relative to the size of the whole, and use fractions to represent numbers equal to, less than,
and greater than one; and

solve problems that involve comparing fractions by using visual fraction models and strategies based on noticing equal numerators or
denominators.

3. Through their learning in the Measurement Alabama Content Area, students

recognize area as an attribute of two-dimensional regions;

measure the area of a shape by finding the total number of same-size units of area required to cover the shape without gaps or overlaps, a
square with sides of unit length being the standard unit for measuring area; and

understand that rectangular arrays can be decomposed into identical rows or into identical columns. By decomposing rectangles into
rectangular arrays of squares, students connect area to multiplication and justify using multiplication to determine the area of a rectangle.
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Grade 3 Mathematics

4. Through their learning in the Geometry Alabama Content Area, students
» extend knowledge of polygons to describe, analyze, and compare properties of two-dimensional shapes; and
* recognize shapes that are/are not quadrilaterals by using informal language to classify shapes by sides and angles, and connect these with
the names of the shapes.

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

*Note: fluency vs. automaticity. Fluency involves a mixture of “just knowing” answers, knowing answers from patterns, and knowing answers from
the use of strategies. The word fluently is used in the standards to mean accurately, efficiently and flexibly. Automaticity of facts becomes evident
when a student no longer uses a pattern or mental algorithm to determine the answer.

Grade 3 Content Standards

Each content standard completes the stem *“Students will...”

Operations and Algebraic Thinking

Represent and solve 1. Hlustrate the product of two whole numbers as equal groups by identifying the number of groups and the number
problems involving in each group and represent as a written expression.

multiplication and

division. 2. lllustrate and interpret the quotient of two whole numbers as the number of objects in each group or the number of

groups when the whole is partitioned into equal shares.

3. Solve word situations using multiplication and division within 100 involving equal groups, arrays, and
measurement quantities; represent the situation using models, drawings, and equations with a symbol for the
unknown number.

4. Determine the unknown whole number in a multiplication or division equation relating three whole numbers.

39
2019 Alabama Course of Study: Mathematics



Grade 3 Mathematics

Understand properties of
multiplication and the
relationship between
multiplication and
division.

Note: Students need not

use formal terms for
these properties.

5. Develop and apply properties of operations as strategies to multiply and divide.

6. Use the relationship between multiplication and division to represent division as an equation with an unknown
factor.

Multiply and divide
within 100.

7. Use strategies based on properties and patterns of multiplication to demonstrate fluency with multiplication and
division within 100.
a. Fluently determine all products obtained by multiplying two one-digit numbers.
b. State automatically all products of two one-digit numbers by the end of third grade.

Solve problems
involving the four
operations and identify
and explain patterns in
arithmetic.

8. Determine and justify solutions for two-step word problems using the four operations and write an equation with a

letter standing for the unknown quantity. Determine reasonableness of answers using number sense, context,
mental computation, and estimation strategies including rounding.

9. Recognize and explain arithmetic patterns using properties of operations.

Operations with Numbers: Base Ten

Use place value
understanding and
properties of operations
to perform multi-digit
arithmetic.

10. Identify the nearest 10 or 100 when rounding whole numbers, using place value understanding.
11. Use various strategies to add and subtract fluently within 1000.

12. Use concrete materials and pictorial models based on place value and properties of operations to find the product
of a one-digit whole number by a multiple of ten (from 10 to 90).
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Operations with Numbers: Fractions

Develop understanding
of fractions as numbers.

Denominators are
limited to 2, 3, 4, 6, and
8.

13.

14.

15.

Demonstrate that a unit fraction represents one part of an area model or length model of a whole that has been
equally partitioned; explain that a numerator greater than one indicates the number of unit pieces represented by
the fraction.

Interpret a fraction as a number on the number line; locate or represent fractions on a number line diagram.

a. Represent a unit fraction (%) on a number line by defining the interval from 0 to 1 as the whole and
partitioning it into b equal parts as specified by the denominator.

b. Represent a fraction (%) on a number line by marking off a lengths of size (%) from zero.

Explain equivalence and compare fractions by reasoning about their size using visual fraction models and number

lines.

a. Express whole numbers as fractions and recognize fractions that are equivalent to whole numbers.

b. Compare two fractions with the same numerator or with the same denominator by reasoning about their size
(recognizing that fractions must refer to the same whole for the comparison to be valid). Record comparisons
using <, >, or = and justify conclusions.

Data Analysis

Represent and interpret
data.

16.

17.

For a given or collected set of data, create a scaled (one-to-many) picture graph and scaled bar graph to represent a

data set with several categories.

a. Determine a simple probability from a context that includes a picture.

b. Solve one- and two-step “how many more” and “how many less” problems using information presented in
scaled graphs.

Measure lengths using rulers marked with halves and fourths of an inch to generate data and create a line plot
marked off in appropriate units to display the data.
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Measurement

Solve problems
involving measurement
and estimation of
intervals of time,

liquid volumes, and
masses of objects.

18.

19.

Tell and write time to the nearest minute; measure time intervals in minutes (within 90 minutes.)
a. Solve real-world problems involving addition and subtraction of time intervals in minutes by representing the
problem on a number line diagram.

Estimate and measure liquid volumes and masses of objects using liters (1), grams (g), and kilograms (kg).
a. Use the four operations to solve one-step word problems involving masses or volumes given in the same
metric units.

Geometric
measurement:
understand concepts of
area and relate area to
multiplication and to
addition.

20.

21.

22,

23.

Find the area of a rectangle with whole number side lengths by tiling without gaps or overlays and counting unit
squares.

Count unit squares (square cm, square m, square in, square ft, and improvised or non-standard units) to determine
area.

Relate area to the operations of multiplication using real-world problems, concrete materials, mathematical
reasoning, and the distributive property.

Decompose rectilinear figures into smaller rectangles to find the area, using concrete materials.

Geometric
measurement:
Recognize perimeter as
an attribute of plane
figures and distinguish
between linear and area
measures.

24,

25.

Construct rectangles with the same perimeter and different areas or the same area and different perimeters.

Solve real-world problems involving perimeters of polygons, including finding the perimeter given the side
lengths and finding an unknown side length of rectangles.

Geometry

Reason with shapes and
their attributes.

26.

Recognize and describe polygons (up to 8 sides), triangles, and quadrilaterals (rhombuses, rectangles, and
squares) based on the number of sides and the presence or absence of square corners.
a. Draw examples of quadrilaterals that are and are not rhombuses, rectangles, and squares.
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Grade 4 content is organized into six Alabama Content Areas outlined in the table below: Operations and Algebraic Thinking; Operations with
Numbers: Base Ten; Operations with Numbers: Fractions; Data Analysis; Measurement; and Geometry. Related standards are grouped into
clusters, which are listed below each content area. Standards indicate what the student should know or be able to do by the end of the grade.

Grade 4 Overview

Alabama

Operations and

Operations with

Operations with Numbers:

Content Areas Algebraic Thinking Numbers: Base Ten Fractions DEIE SR BTG CEEEiny
Gain familiarity with Generalize place Extend understanding of fraction | @ Represent Solve problems involving Draw and
factors and multiples. value understanding equivalence and ordering. and measurement and identify lines
Solve problems with for multi-digit whole Build fractions from unit interpret conversion of and angles, and
whole numbers using numbers. fractions by applying and data. measurements from a identify shapes
the four operations. Use place value extending previous larger unit to a smaller by properties of

Clusters Generate and analyze understanding and understandings of operations on unit. their lines and

patterns.

properties of

operations to perform
multi-digit arithmetic
with whole numbers.

whole numbers.

Understand decimal notation for
fractions, and compare decimal
fractions.

Geometric measurement:
understand concepts of
angles and measure angles.

angles.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should

regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is
critical in using mathematics, both within the classroom and in life. The Student Mathematical Practices are as standards which should be

incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade 4 Mathematics

Content Priorities

In Grade 4, instructional time should focus on three areas:

1.

2.

3.

developing understanding and fluency with multi-digit multiplication, and understanding of division to find quotients

involving multi-digit dividends;

developing an understanding of fraction equivalence, addition and subtraction of fractions with like denominators, and multiplication
of fractions by whole numbers; and

understanding that geometric figures can be analyzed and classified based on their properties, such as having parallel sides,
perpendicular sides, particular angle measures, or symmetry.

Through their learning in the Operations with Numbers: Base Ten Alabama Content Area, students

generalize their understanding of place value to 1,000,000, understanding the relative sizes of numbers in each place;

apply their understanding of models for multiplication (equal-sized groups, arrays, area models), place value, and properties of
operation, in particular the distributive property, as they develop, discuss, and use efficient, accurate, and generalizable methods to
compute products of multi-digit whole numbers;

select and accurately apply appropriate methods to estimate or mentally calculate products, depending on the numbers and the context;
develop fluency with efficient procedures for multiplying whole numbers; understand and explain why the procedures work based on
place value and properties of operations; and use them to solve problems;

apply their understanding of models for division, place value, properties of operations, and the relationship between division and
multiplication as they develop, discuss, and use efficient, accurate, and generalizable procedures to find quotients involving multi-digit
dividends; and

select and accurately apply appropriate methods to estimate and mentally calculate quotients, and interpret remainders based

upon the context.

Through their learning in the Operations with Numbers: Fractions Alabama Content Area, students

develop understanding of fraction equivalence and operations with fractions;

recognize that two different fractions can be equal (e.g., 15/9 = 5/3), and develop methods for generating and recognizing equivalent
fractions; and

extend previous understandings about how fractions are built from unit fractions to compose fractions from unit fractions, decompose
fractions into unit fractions, and use the meaning of fractions and the meaning of multiplication to multiply a fraction by a whole
number.
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Grade 4 Mathematics

3. Through their learning in the Geometry Alabama Content Area, students
e describe, analyze, compare, and identify two-dimensional shapes using formal language based on the definition of the shapes;
e deepen their understanding of properties of two-dimensional shapes (e.g., angles, parallelism, or symmetry); and
e use properties of two-dimensional objects to solve problems involving symmetry.

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

*NOTE: fluency vs. automaticity. Fluency involves a mixture of “just knowing” answers, knowing answers from patterns, and knowing answers
from the use of strategies. The word fluently is used in the standards to mean accurately, efficiently and flexibly. Automaticity of facts becomes
evident when a student no longer uses a pattern or mental algorithm to determine the answer.

Grade 4 Content Standards

Each content standard completes the stem *“Students will...”

Operations and Algebraic Thinking

factors and multiples.

Solve problems with 1. Interpret and write equations for multiplicative comparisons.
whole numbers using the
four operations. 2. Solve word problems involving multiplicative comparison using drawings and write equations to represent the
problem, using a symbol for the unknown number.
3. Determine and justify solutions for multi-step word problems, including problems where remainders must be
interpreted.
a. Write equations to show solutions for multi-step word problems with a letter standing for the unknown
quantity.
b. Determine reasonableness of answers for multi-step word problems, using mental computation and estimation
strategies including rounding.
Gain familiarity with 4. For whole numbers in the range 1 to 100, find all factor pairs, identifying a number as a multiple of each of its

factors.
a. Determine whether a whole number in the range 1 to 100 is a multiple of a given one-digit number.
b. Determine whether a whole number in the range 1 to 100 is prime or composite.
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Grade 4 Mathematics

Generate and analyze
patterns.

5.

Generate and analyze a number or shape pattern that follows a given rule.

Operations with Numbers: Base Ten

Generalize place value
understanding for multi-
digit whole numbers.

6.

Using models and quantitative reasoning, explain that in a multi-digit whole number, a digit in any place represents

ten times what it represents in the place to its right.
Read and write multi-digit whole numbers using standard form, word form, and expanded form.
Use place value understanding to compare two multi-digit numbers using >, =, and < symbols.

Round multi-digit whole numbers to any place using place value understanding.

Use place value
understanding and
properties of operations
to perform multi-digit
arithmetic with whole
numbers.

10.

11.

12.

Use place value strategies to fluently add and subtract multi-digit whole numbers and connect strategies to the
standard algorithm.

Find the product of two factors (up to four digits by a one-digit number and two two-digit numbers), using
strategies based on place value and the properties of operations.
a. Illustrate and explain the product of two factors using equations, rectangular arrays, and area models.

Use strategies based on place value, properties of operations, and/or the relationship between multiplication and
division to find whole-number quotients and remainders with one-digit divisors and up to four-digit dividends.
a. Illustrate and/or explain quotients using equations, rectangular arrays, and/or area models.

Operations with Numbers: Fractions

Extend understanding of
fraction equivalence and
ordering.

Denominators are
limited to 2, 3, 4, 5, 6, 8,
10, 12, and 100.

13.

Using area and length fraction models, explain why one fraction is equivalent to another, taking into account that
the number and size of the parts differ even though the two fractions themselves are the same size.
a. Apply principles of fraction equivalence to recognize and generate equivalent fractions.

LA . nxa
Example: o s equivalent to —5
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14.

Compare two fractions with different numerators and different denominators using concrete models, benchmarks
(0, %2, 1), common denominators, and/or common numerators, recording the comparisons with symbols >, =, or <,
and justifying the conclusions.

a. Explain that comparison of two fractions is valid only when the two fractions refer to the same whole.

Build fractions from unit
fractions by applying and
extending previous
understandings of
operations on whole
numbers.

15.

16.

Model and justify decompositions of fractions and explain addition and subtraction of fractions as joining or

separating parts referring to the same whole.

a. Decompose a fraction as a sum of unit fractions and as a sum of fractions with the same denominator in more
than one way using area models, length models, and equations.

b. Add and subtract fractions and mixed numbers with like denominators using fraction equivalence, properties of
operations, and the relationship between addition and subtraction.

c. Solve word problems involving addition and subtraction of fractions and mixed numbers having like
denominators, using drawings, visual fraction models, and equations to represent the problem.

Apply and extend previous understandings of multiplication to multiply a whole number times a fraction.
a. Model and explain how a non-unit fraction can be represented by a whole number times the unit fraction.

9 1

Example: 5= 9 X 5
b. Extend previous understanding of multiplication to multiply a whole number times any fraction less than one.
Example: 4 ><33: 4:2 = g
c. Solve word problems involving multiplying a whole number times a fraction using visual fraction models and
equations to represent the problem.

Examples: 3 x 2 6x2
2 8

Understand decimal
notation for fractions,
and compare decimal
fractions.

Denominators are
limited to 10 and 100.

17.

18.

19.

Express, model, and explain the equivalence between fractions with denominators of 10 and 100.
a. Use fraction equivalency to add two fractions with denominators of 10 and 100.

Use models and decimal notation to represent fractions with denominators of 10 and 100.

Use visual models and reasoning to compare two decimals to hundredths (referring to the same whole), recording
comparisons using symbols >, =, or <, and justifying the conclusions.
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Grade 4 Mathematics

Data Analysis

Represent and interpret
data.

20.

Interpret data in graphs (picture, bar, and line plots) to solve problems using numbers and operations.
a. Create a line plot to display a data set of measurements in fractions of a unit (%, i%)
b. Solve problems involving addition and subtraction of fractions using information presented in line plots.

Measurement

Solve problems
involving measurement
and conversion of
measurements from a
larger unit to a smaller
unit.

21.

22.

23.

Select and use an appropriate unit of measurement for a given attribute (length, mass, liquid volume, time) within

one system of units: metric - km, m, cm; kg, g, I, ml; customary - Ib, oz; time - hr, min, sec.

a. Within one system of units, express measurements of a larger unit in terms of a smaller unit. Record
measurement equivalents in a two-column table.

Use the four operations to solve measurement word problems with distance, intervals of time, liquid volume, mass

of objects, and money.

a. Solve measurement problems involving simple fractions or decimals.

b. Solve measurement problems that require expressing measurements given in a larger unit in terms of a smaller
unit.

c. Represent measurement quantities using diagrams such as number line diagrams that feature a measurement
scale.

Apply area and perimeter formulas for rectangles in real-world and mathematical situations.

Geometric measurement:
understand concepts of
angle and measure
angles.

24,

25.

26.

Identify an angle as a geometric shape formed wherever two rays share a common endpoint.
Use a protractor to measure angles in whole-number degrees and sketch angles of specified measure.

Decompose an angle into non-overlapping parts to demonstrate that the angle measure of the whole is the sum of

the angle measures of the parts.

a. Solve addition and subtraction problems on a diagram to find unknown angles in real-world or mathematical
problems.
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Geometry

Draw and identify lines
and angles, and identify
shapes by properties of
their lines and angles.

27. Draw points, lines, line segments, rays, angles (right, acute, obtuse), and perpendicular and parallel lines, and
identify these in two-dimensional figures.

28. Identify two-dimensional figures based on the presence or absence of parallel or perpendicular lines or the presence

or absence of angles of a specified size.
a. Describe right triangles as a category, and identify right triangles.

29. Define a line of symmetry for a two-dimensional figure as a line across the figure such that the figure can be folded

along the line into matching parts.
a. Identify line-symmetric figures and draw lines of symmetry.

2019 Alabama Course of Study: Mathematics

49



Grade 5 content is organized into six Alabama Content Areas as outlined in the table below: Operations and Algebraic Thinking; Operations
with Numbers: Base Ten; Operations with Numbers: Fractions; Data Analysis; Measurement; and Geometry. Related standards are grouped

Grade 9 Mathematics Overview

into clusters, which are listed below each content area. Standards indicate what the student should know or be able to do by the end of the grade.

multiplication and
division to multiply

and divide fractions.

volume and relate
volume to
multiplication and to
addition.

Alabama Operations and Operations with Operations with i
Content P S Numbers: Numbers: Eractions Data Analysis Measurement Geometry
Areas Base Ten
o Write and interpret e Understand the e Use equivalent e Represent e Convert like e Graph points on the
numerical place value system. fractions as a and interpret measurement units coordinate plane to
expressions. e Perform operations strategy to add and data. within a given solve real-world and
e Analyze patterns with multi-digit subtract fractions. measurement system. mathematical
and relationships. whole numbersand | e Apply and extend e Geometric problems.
decimals to previous under- measurement: e Classify two-
Clusters hundredths. standings of understand concepts of dimensional figures

into categories based
on their properties.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should

regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is

critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards which should be

incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade 3 Mathematics

Content Priorities

In Grade 5, instructional time should focus on three critical areas:

1.

2.

3.

developing fluency with addition and subtraction of fractions, and developing understanding of the multiplication of
fractions and of division of fractions in limited cases (unit fractions divided by whole numbers and whole numbers divided
by unit fractions);

extending division to 2-digit divisors, integrating decimals into the place value system and developing understanding of
operations with decimals to hundredths, and developing fluency with whole number and decimal operations; and
developing understanding of volume.

Through their learning in the Operations with Numbers: Fractions Alabama Content Area, students

apply their understanding of fractions and fraction models to represent the addition and subtraction of fractions with unlike
denominators as equivalent calculations with like denominators;

develop fluency in calculating sums and differences of fractions, and make reasonable estimates of them; and

use the meaning of fractions, multiplication and division, and the relationship between multiplication and division to
understand and explain why the procedures for multiplying and dividing fractions make sense.

Through their learning in the Operations with Numbers: Base Ten Alabama Content Area, students

develop understanding of why division procedures work based on the meaning of base-ten numerals and properties of operations;

apply understandings of models for decimals, decimal notation, and properties of operations to add and subtract decimals to hundredths;
develop fluency with decimal computations and make reasonable estimates of their results;

use the relationship between decimals and fractions, as well as the relationship between finite decimals and whole numbers

(i.e., a finite decimal multiplied by an appropriate power of 10 is a whole number), to understand and explain why the

procedures for multiplying and dividing finite decimals make sense; and

compute products and quotients of decimals to hundredths efficiently and accurately.

Through their learning in the Measurement Alabama Content Area, students

recognize volume as an attribute of three-dimensional space;

understand that volume can be measured by finding the total number of same-size units of volume required to fill the space without gaps
or overlaps;

understand that a 1-unit by 1-unit by 1-unit cube is the standard unit for measuring volume;

select appropriate units, strategies, and tools for solving problems that involve estimating and measuring volume;

decompose three-dimensional shapes and find volumes of right rectangular prisms by viewing them as decomposed into layers of arrays
of cubes; and

measure necessary attributes of shapes in order to determine volumes to solve real-world and mathematical problems.
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Grade 3 Mathematics

NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

NOTE: fluency vs. automaticity. Fluency involves a mixture of “just knowing” answers, knowing answers from patterns, and knowing answers
from the use of strategies. The word fluently is used in the standards to mean accurately, efficiently and flexibly. Automaticity of facts becomes
evident when a student no longer uses a pattern or mental algorithm to determine the answer.

Grade & Content Standards

Each content standard completes the sentence stem “Students will...”

Operations and Algebraic Thinking

Write and interpret numerical
expressions.

1.

Write, explain, and evaluate simple numerical expressions involving the four operations to solve up to
two-step problems. Include expressions involving parentheses, brackets, or braces, using commutative,
associative, and distributive properties.

Analyze patterns and
relationships.

Generate two numerical patterns using two given rules and complete an input/output table for the data.
a. Use data from an input/output table to identify apparent relationships between corresponding terms.
b. Form ordered pairs from values in an input/output table.
c. Graph ordered pairs from an input/output table on a coordinate plane.

Operations with Numbers: Base Ten

Understand the place value
system.

3.

Using models and quantitative reasoning, explain that in a multi-digit number, including decimals, a digit
in any place represents ten times what it represents in the place to its right and = of what it represents in

the place to its left.

a. Explain patterns in the number of zeros of the product when multiplying a number by powers of 10,
using whole-number exponents to denote powers of 10.

b. Explain patterns in the placement of the decimal point when a decimal is multiplied or divided by a
power of 10, using whole-number exponents to denote powers of 10.
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Read, write, and compare decimals to thousandths.
a. Read and write decimals to thousandths using base-ten numerals, number names, and expanded form.

Example:347.392:3x100+4><1o+7x1+3x(%)+9x(wlo)+2x(ﬁ).
b. Compare two decimals to thousandths based on the meaning of the digits in each place, using >, =, and

< to record the results of comparisons.

Use place value understanding to round decimals to thousandths.

Perform operations with
multi-digit whole numbers
and decimals to hundredths.

Fluently multiply multi-digit whole numbers using the standard algorithm.

Use strategies based on place value, properties of operations, and/or the relationship between
multiplication and division to find whole-number quotients and remainders with up to four-digit dividends
and two-digit divisors. Illustrate and explain the calculation by using equations, rectangular arrays, and/or
area models.

Add, subtract, multiply, and divide decimals to hundredths using strategies based on place value,
properties of operations, and/or the relationships between addition/subtraction and multiplication/division;
relate the strategy to a written method, and explain the reasoning used.

a. Use concrete models and drawings to solve problems with decimals to hundredths.

b. Solve problems in a real-world context with decimals to hundredths.

Operations with Numbers: Fractions

Use equivalent fractions as a
strategy to add and subtract
fractions.

9. Model and solve real-word problems involving addition and subtraction of fractions referring to the same

10. Add and subtract fractions and mixed numbers with unlike denominators, using fraction equivalence to

whole, including cases of unlike denominators, using visual fraction models or equations to represent the
problem. Use benchmark fractions and number sense of fractions to estimate mentally, and assess the
reasonableness of answers.

Example: Recognize an incorrect result§+ %z éby observing that ; < %

calculate a sum or difference of fractions or mixed numbers with like denominators.

53
2019 Alabama Course of Study: Mathematics



Grade 3 Mathematics

Apply and extend previous
understandings of
multiplication and division to
multiply and divide fractions.

11. Solve word problems involving division of whole numbers leading to answers in the form of fractions or
mixed numbers.

a. Model and interpret a fraction as division of the numerator by the denominator (%: a+bhb)

b. Use visual fraction models, drawings, or equations to represent word problems involving division of
whole numbers leading to answers in the form of fractions or mixed numbers

12. Apply and extend previous understandings of multiplication to find the product of a fraction times a whole
number or a fraction times a fraction.

a. Use a visual fraction model (area model, set model, or linear model) to show (%) x ( and create a story

context for this equation to interpret the product as a parts of a partition of g into b equal parts.
b. Use a visual fraction model (area model, set model, or linear model) to show (%) x (2) and create a

story context for this equation to interpret the product.

c. Multiply fractional side lengths to find areas of rectangles, and represent fraction products as
rectangular areas.

d. Find the area of a rectangle with fractional side lengths by tiling it with unit squares of the appropriate
unit fraction side lengths to show that the area is the same as would be found by multiplying the side
lengths.

13. Interpret multiplication as scaling (resizing).
a. Compare the size of a product to the size of one factor on the basis of the size of the other factor,
without performing the indicated multiplication.

Example: Use reasoning to determine which expression is greater? 225 or % x 225; = o 3%
b. Explain why multiplying a given number by a fraction greater than 1 results in a product greater than
the given number and relate the principle of fraction equivalence.

c. Explain why multiplying a given number by a fraction less than 1 results in a product smaller
than the given number and relate the principle of fraction equivalence.

14. Model and solve real-world problems involving multiplication of fractions and mixed numbers using
visual fraction models, drawings, or equations to represent the problem.
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15. Apply and extend previous understandings of division to divide unit fractions by whole numbers and
whole numbers by unit fractions.

a. Solve real-world problems involving division of unit fractions by non-zero whole numbers and division
of whole numbers by unit fractions and illustrate using visual fraction models, drawings, and equations
to represent the problem.

b. Create a story context for a unit fraction divided by a whole number, and use a visual fraction model to
show the quotient.

c. Create a story context for a whole number divided by a unit fraction, and use a visual fraction model to
show the quotient.

Data Analysis

Represent and interpret data.

16. Make a line plot to display a data set of measurements in fractions of a unit (%, %, %).

a. Add, subtract, multiply, and divide fractions to solve problems involving information presented in line
plots.
Note: Division is limited to unit fractions by whole numbers and whole numbers by unit fractions.

Measurement

Convert like measurement
units within a given
measurement system.

17. Convert among different-sized standard measurement units within a given measurement system and use
these conversions in solving multi-step, real-world problems.

Geometric measurement:
understand concepts of
volume and relate volume to
multiplication and to
addition.

18. Identify volume as an attribute of solid figures, and measure volumes by counting unit cubes, using cubic
cm, cubic in, cubic ft, and improvised (non-standard) units.
a. Pack a solid figure without gaps or overlaps using n unit cubes to demonstrate volume as n cubic units.
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19.

Relate volume to the operations of multiplication and addition, and solve real-world and mathematical
problems involving volume.

a. Use the associative property of multiplication to find the volume of a right rectangular prism and relate

it to packing the prism with unit cubes. Show that the volume can be determined by multiplying the
three edge lengths or by multiplying the height by the area of the base.

b. Apply the formulas V =1 xw x h and V = B x h for rectangular prisms to find volumes of right
rectangular prisms with whole-number edge lengths in the context of solving real-world and
mathematical problems.

c. Find volumes of solid figures composed of two non-overlapping right rectangular prisms by adding the

volumes of the two parts, applying this technique to solve real-world problems.

Geometry

Graph points on the
coordinate plane to solve
real-world and mathematical
problems.

20.

Graph points in the first quadrant of the coordinate plane, and interpret coordinate values of points to
represent real-world and mathematical problems.

Classify two-dimensional
figures into categories based
on their properties.

21.

22.

23.

Classify triangles according to side length (isosceles, equilateral, scalene) and angle measure (acute,
obtuse, right, equiangular).

Classify quadrilaterals in a hierarchy based on properties.

Explain that attributes belonging to a category of two-dimensional figures also belong to all subcategories
of that category.

Example: All rectangles have four right angles, and squares have four right angles, so squares are
rectangles.
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GRADES 6-S OVERVIEW

The course of study for Grades 6-8 Mathematics focuses on solidifying the foundations of mathematics, empowering students for high school
mathematics, and broadening their understanding of mathematics in relation to everyday life. Ensuring that each and every student receives the
preparation they deserve will require focus on developing conceptual understanding of the mathematics they will need for a lifetime. These standards
build on critical areas of focus for each grade level. Resources supporting the standards for Grades 6-8 are in Appendix D.

Overview of Alabama Mathematics Content Areas

NAEP Content Areas Kindergarten 1 ) 3 4 5 b 1 8 High School
Foundations of (ounting
Number Properties R : : 3
and Operations Operations with Numbers: Base Ten Proportional Reasoning .
(Operations with Numbers; Fractions | Number Systems and Operations
Algebra Operations and Algebraic Thinking Algebraand Functions
Data Analysis, Statistics, : o =
and Probability bz s Data Analysis, Satistcs, and Probabilty
Measurement Measurement
Geometry and Measurement
Geometry Geometry

Note: Proportional reasoning is not listed as an 8" grade content area because it has been incorporated into Algebra and Functions.
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Grades 6-8S Overview

Pathways to Student Success

The Grades 6-8 course of study offers two flexible pathways with five courses: Grade 6, Grade 7, Grade 7 Accelerated, Grade 8, and Grade 8
Accelerated. All middle school students begin at a shared starting point with Grade 6 Mathematics, and all will complete Grade 8 prepared for
Geometry with Data Analysis in Grade 9, regardless of which middle school pathway they complete.

The standard middle school pathway is challenging and rigorous. It meets the needs of all middle school students, giving them a solid mathematical
foundation and preparing them for success in later mathematics courses.

Middle school students who are especially interested and strongly motivated to study mathematics have the option of moving a little faster by
choosing an accelerated pathway which combines standards from three courses into two years of study: Grade 7, Grade 8, and Algebra | with
Probability (otherwise offered in Grade 10). Students who successfully complete this middle school accelerated pathway will be prepared to enter
directly into Algebra Il with Statistics after completing Geometry with Data Analysis in Grade 9. These students will be required to take two
additional courses in Grades 11 and 12 to earn the mandatory four credits in mathematics, since neither of the accelerated middle school courses (nor
their combination) is equivalent to a high school mathematics credit. Taking two more courses gives them the opportunity to make additional
progress toward their postsecondary goals.

The accelerated middle school pathway is designed to challenge the most proficient and motivated students. Some who start out on this pathway may
find it was not the best choice for them. Students who are not making adequate progress in Grade 7 Accelerated are not locked into the accelerated
pathway; they may exit the accelerated pathway and take the Grade 8 Mathematics course without any loss of progress.

Students have a second opportunity to accelerate in Grade 9 by taking Geometry with Data Analysis and Algebra | with Probability at the same time.
These opportunities to accelerate allow students to make additional progress toward their postsecondary goals.

Students and their parents should receive ongoing feedback and information about available options as students decide whether or not to pursue, or
continue pursuing, an accelerated pathway. That decision should not be made for them without consultation. It is critical that all students be
afforded the opportunity to pursue a pathway that supports their interests and goals.
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Grades 6-8S Overview

The rows of the following table provide examples of pathways that students may follow across Grades 6-8. Note that students should be enrolled in a
mathematics class every year of middle and high school.

Grade 6

Grade 7

Grade 8

Grade 9

Grade 6
Mathematics

Grade 7
Mathematics

Grade 8
Mathematics

Geometry with Data
Analysis

Grade 6
Mathematics

Grade 7 Accelerated
Mathematics

Accelerated Grade 8
Mathematics

Geometry with Data
Analysis

Grade 6
Mathematics

Grade 7
Mathematics

Grade 8
Mathematics

Geometry with Data
Analysis
and Algebra I with
Probability

Grade 6
Mathematics

Grade 7 Accelerated
Mathematics

Grade 8 Mathematics

Geometry with Data
Analysis

Grade 6
Mathematics

Grade 7 Accelerated
Mathematics

Grade 8 Mathematics

Geometry with Data
Analysis
and Algebra I with
Probability

Grade 6
Mathematics

Grade 7 Accelerated
Mathematics

Accelerated Grade 8
Mathematics

Geometry with Data
Analysis
and Algebra | with
Probability

Refer to the Course of Study Grades 9-12 Overview for a full description of the pathways through the end of high school and how they connect to the
postsecondary study of mathematics.
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Grade 6 Overview

Grade 6 content is organized into five Alabama Content Areas as outlined below: Proportional Reasoning; Number Systems and Operations;
Algebra and Functions; Data Analysis, Statistics, and Probability; and Geometry and Measurement. Related standards are grouped into
clusters, which are listed below each content area. Resources to support the Grades 6-8 standards are in Appendix D. Standards indicate what
students should know and be able to do by the end of the course.

Alabama Content

Proportional

Number Systems and

Algebra and Functions

Data Analysis, Statistics,

Geometry and

e Apply knowledge of the

number system to
represent and use rational
numbers in a variety of
forms.

problems.

Identify and analyze
relationships between
independent and dependent
variables.

center.

Areas Reasoning Operations and Probability Measurement
Develop an e Use prior knowledge of o Apply knowledge of e Use real-world and e Graph polygons in
understanding of multiplication and division arithmetic to read, write, and mathematical the coordinate
ratio concepts and to divide fractions. evaluate algebraic problems to analyze plane to solve real-
use reasoning e Compute multi-digit expressions. data and demonstrate world and
about ratios to numbers fluently and o Use equations and inequalities an understanding of mathematical
solve problems. determine common factors to represent and solve real- statistical variability problems.

Clusters and multiples. world or mathematical and measures of e Solve real-world

and mathematical
problems to
determine area,
surface area, and
volume.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students
should regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these

practices is critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards

to be incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4. Model with mathematics.

8. Look for and express regularity in repeated reasoning.

2019 Alabama Course of Study: Mathematics

60



Grade 6 Mathematics

Content Priorities

In Grade 6, instructional time should focus on five essential areas:

1. Connecting ratio and rate to whole number multiplication and division and using concepts of ratio and rate to solve problems.
Students use reasoning about multiplication and division to solve ratio and rate problems about quantities. By viewing equivalent ratios
and rates as deriving from and extending pairs of rows (or columns) in the multiplication table, and by analyzing simple drawings that
indicate the relative size of quantities, students connect their understanding of multiplication and division with ratios and rates. Thus
students expand the scope and variety of problems in which they use proportional reasoning to connect ratios and fractions.

2. Completing understanding of division of fractions and extending the understanding of number sense to the system of rational
numbers, including signed numbers.

Students connect the meaning of fractions, multiplication and division, and the relationship between multiplication and division to
understand and explain procedures for dividing fractions. Students use these operations to solve problems. Students extend previous
understanding of the magnitude and ordering of numbers to the rational number system, including signed rational numbers, and
particularly integers. They reason about the order and absolute value of rational numbers and about the location of points in all four
quadrants of the coordinate plane.

3. Writing, interpreting, and using expressions and equations.
Students use variables in mathematical expressions to represent quantities. They write expressions and equations that correspond to real-
world situations, evaluate expressions, and use expressions and formulas to solve problems. Students understand that expressions in
different forms can be equivalent, and they use the properties of operations to rewrite expressions in equivalent forms. Students know the
solutions of an equation are the values of the variables that make the equation true. They use properties of operations and the idea of
maintaining the equality of both sides of an equation to solve one-step equations. Students construct and analyze tables, such as tables of
guantities that are in equivalent ratios, and they use equations (such as 3x = y) to describe relationships between dependent and
independent variables.

4. Developing understanding of statistical thinking.
Students build on and reinforce their number sense to develop the ability to think about statistical measures. They recognize that a data
distribution may not have a definite center and that different ways to measure center yield different values. The median measures center
in that it is roughly the middle value. The mean measures center in that it is the value that each data point would take on if the total of the
data values were redistributed equally, and also in that it is a balance point. Students recognize that a measure of variability (range and
interquartile range) can also be useful for summarizing data because two very different sets of data may have the same mean and median
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Grade 6 Mathematics

yet be distinguished by their variability. Students create and use a variety of graphs to represent and interpret data. They learn to describe
and summarize numerical data sets, identifying clusters, peaks, gaps, and symmetry, considering the context in which the data were
collected.

5. Developing understanding of geometrical reasoning and thinking.
Students apply previous understanding about relationships among shapes to determine area, surface area, and volume. They find areas of
right triangles, other triangles, and special quadrilaterals by decomposing these shapes, rearranging or removing pieces, and relating the
shapes to rectangles. Using these methods, students discuss, develop, and justify formulas for areas of triangles and parallelograms.
Students use nets to find areas of polygons and surface areas of prisms and pyramids by decomposing them into pieces whose area they
can determine. They reason about right rectangular prisms to extend formulas for the volume of a right rectangular prism to those with
fractional side lengths. As students develop an understanding of formulas in mathematical and real-world contexts, the goal is not simply
to memorize but to have a deep understanding of why each formula works and how it relates to the measure of various figures. Students
draw polygons in the coordinate plane to prepare for work on scale drawings and constructions in Grade 7.

Grade 6 Content Standards

Each content standard completes the stem ““Students will...”

Proportional Reasoning

Develop an 1. Use appropriate notations [a/b, a to b, a:b] to represent a proportional relationship between quantities and use ratio

understanding of ratio language to describe the relationship between quantities.

concepts and use

reasoning about ratios to | 2. Use unit rates to represent and describe ratio relationships.

solve problems.

3. Use ratio and rate reasoning to solve mathematical and real-world problems (including but not limited to percent,
measurement conversion, and equivalent ratios) using a variety of models, including tables of equivalent ratios, tape
diagrams, double number lines, and equations.
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Grade 6 Mathematics

Number Systems and Operations

Use prior knowledge of | 4. Interpret and compute quotients of fractions using visual models and equations to represent problems.
multiplication and a. Use quotients of fractions to analyze and solve problems.
division to divide
fractions.
Compute multi-digit 5. Fluently divide multi-digit whole numbers using a standard algorithm to solve real-world and mathematical
numbers fluently and problems.
determine common
factors and multiples. 6. Add, subtract, multiply, and divide decimals using a standard algorithm.
7. Use the distributive property to express the sum of two whole numbers with a common factor as a multiple of a sum
of two whole numbers with no common factor.
8. Find the greatest common factor (GCF) and least common multiple (LCM) of two or more whole numbers.
a. Use factors and multiples to determine prime factorization.
Apply knowledge of the | 9. Use signed numbers to describe quantities that have opposite directions or values and to represent quantities in real-
number system to world contexts.
represent and use
rational numbers in a 10. Locate integers and other rational numbers on a horizontal or vertical line diagram.
variety of forms. a. Define opposites as numbers located on opposite sides of 0 and the same distance from 0 on a number line.
b. Use rational numbers in real-world and mathematical situations, explaining the meaning of 0 in each situation.
11. Find the position of pairs of integers and other rational numbers on the coordinate plane.
a. Identify quadrant locations of ordered pairs on the coordinate plane based on the signs of the x and y
coordinates.
b. Identify (a,b) and (a,-b) as reflections across the x-axis.
c. Identify (a,b) and (-a,b) as reflections across the y-axis.
d. Solve real-world and mathematical problems by graphing points in all four quadrants of the coordinate plane,
including finding distances between points with the same first or second coordinate.
12. Explain the meaning of absolute value and determine the absolute value of rational numbers in real-world contexts.
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Grade 6 Mathematics

13.

Compare and order rational numbers and absolute value of rational numbers with and without a number line in
order to solve real-world and mathematical problems.

Algebra and Functions

Apply knowledge of
arithmetic to read, write,
and evaluate algebraic
expressions.

14.

15.

16.

17.

Write, evaluate, and compare expressions involving whole number exponents.

Write, read, and evaluate expressions in which letters represent numbers in real-world contexts.

a. Interpret a variable as an unknown value for any number in a specified set, depending on the context.

b. Write expressions to represent verbal statements and real-world scenarios.

c. Identify parts of an expression using mathematical terms such as sum, term, product, factor, quotient, and
coefficient.

d. Evaluate expressions (which may include absolute value and whole number exponents) with respect to order of
operations.

Generate equivalent algebraic expressions using the properties of operations, including inverse, identity,
commutative, associative, and distributive.

Determine whether two expressions are equivalent and justify the reasoning.

Use equations and

inequalities to represent
and solve real-world or
mathematical problems.

18.

19.

20.

Determine whether a value is a solution to an equation or inequality by using substitution to conclude whether a
given value makes the equation or inequality true.

Write and solve an equation in the form of x+p=q or px=q for cases in which p, g, and x are all non-negative
rational numbers to solve real-world and mathematical problems.
a. Interpret the solution of an equation in the context of the problem.

Write and solve inequalities in the form of x>c, x<c, x> ¢, or X < ¢ to represent a constraint or condition in a real-

world or mathematical problem.

a. Interpret the solution of an inequality in the context of a problem.

b. Represent the solutions of inequalities on a number line and explain that the solution set may contain infinitely
many solutions.
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Grade 6 Mathematics

Identify and analyze
relationships between
independent and
dependent variables.

21. Identify, represent, and analyze two quantities that change in relationship to one another in real-world or
mathematical situations.
a. Use tables, graphs, and equations to represent the relationship between independent and dependent variables.

Data Analysis, Statistics, and Probability

Use real-world and
mathematical problems
to analyze data and
demonstrate an
understanding of
statistical variability and
measures of center.

22. Write examples and non-examples of statistical questions, explaining that a statistical question anticipates
variability in the data related to the question.

23. Calculate, interpret, and compare measures of center (mean, median, mode) and variability (range and interquartile
range) in real-world data sets.
a. Determine which measure of center best represents a real-world data set.
b. Interpret the measures of center and variability in the context of a problem.

24. Represent numerical data graphically, using dot plots, line plots, histograms, stem and leaf plots, and box plots.
a. Analyze the graphical representation of data by describing the center, spread, shape (including approximately
symmetric or skewed), and unusual features (including gaps, peaks, clusters, and extreme values).
b. Use graphical representations of real-world data to describe the context from which they were collected.

Geometry and Measurement

Graph polygons in the
coordinate plane to solve
real-world and
mathematical problems.

25. Graph polygons in the coordinate plane given coordinates of the vertices to solve real-world and mathematical

problems.

a. Determine missing vertices of a rectangle with the same x-coordinate or the same y-coordinate when graphed in
the coordinate plane.

b. Use coordinates to find the length of a side between points having the same x-coordinate or the same y-
coordinate.

c. Calculate perimeter and area of a polygon graphed in the coordinate plane (limiting to polygons in which
consecutive vertices have the same x-coordinate or the same y-coordinate).
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Grade 6 Mathematics

Solve real-world and
mathematical problems
to determine area, surface
area, and volume.

Note: Students must
select and use the
appropriate unit for the
attribute being measured
when determining length,
area, angle, time, or
volume.

26. Calculate the area of triangles, special quadrilaterals, and other polygons by composing and decomposing them into
known shapes.
a. Apply the techniques of composing and decomposing polygons to find area in the context of solving real-world
and mathematical problems.

27. Determine the surface area of three-dimensional figures by representing them with nets composed of rectangles and
triangles to solve real-world and mathematical problems.

28. Apply previous understanding of volume of right rectangular prisms to those with fractional edge lengths to solve
real-world and mathematical problems.
a. Use models (cubes or drawings) and the volume formulas (V = lwh and V = Bh) to find and compare volumes
of right rectangular prisms.
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Grade ¢ Mathematics Overview

In Grade 7, content is organized into five Alabama Content Areas as outlined below: Proportional Reasoning; Number Systems and Operations;
Algebra and Functions; Data Analysis, Statistics and Probability; and Geometry and Measurement. Related standards are grouped into clusters,
which are listed below each content area. Resources to support the Grade 7 mathematical standards are in Appendix D. Standards indicate what

students should know or be able to do by the end of the course.

Alabama Content

Proportional

Number Systems

Algebra and Functions

Data Analysis, Statistics,

Geometry and Measurement

mathematical
problems.

and division to
operations with
rational numbers.

using numerical and
algebraic expressions,
equations, and inequalities.

of two populations.
e Investigate probability
models.

Areas Reasoning and Operations and Probability
Analyze e Apply and extend o Create equivalent e Make inferences abouta | e Construct and describe
proportional prior knowledge expressions using the population using geometric figures, analyzing
relationships and of addition, properties of operations. random sampling. relationships among them.
use them to solve subtraction, e Solve real-world and e Make inferences from e Solve real-world and
Clusters real-world and multiplication, mathematical problems an informal comparison mathematical problems

involving angle measure,
circumference, area, surface
area, and volume.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should

regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is

critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be
incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others.

7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade ¢ Mathematics

Content Priorities

In Grade 7, instructional time should focus on four essential areas, all of which have equal importance:

1. Developing understanding of and applying proportional relationships.
Students extend their understanding of ratios and develop understanding of proportionality to solve single- and multi-step problems. Students
solve a wide variety of percent problems (including those involving discounts, interest, taxes, tips, percent increase or decrease), and solve
problems about scale drawings by relating corresponding lengths between the objects, or by using the fact that relationships of lengths within
an object are preserved in similar objects. Students graph proportional relationships and understand the unit rate informally as a measure of the
steepness of the related line, called the slope. They distinguish proportional relationships from other relationships.

2. Developing understanding of operations with rational numbers and working with expressions and linear equations.
Students develop a unified understanding of number, recognizing fractions, decimals (that have a finite or a repeating decimal representation),
and percentages as different representations of rational numbers. Students extend addition, subtraction, multiplication, and division to all
rational numbers, recognizing the properties of operations and the relationships between addition and subtraction, and multiplication and
division. By applying these properties, and by viewing negative numbers in terms of everyday contexts (e.g., amounts owed or temperatures
below zero), students explain and interpret the rules for adding, subtracting, multiplying, and dividing with negative numbers. They use the
arithmetic of rational numbers as they formulate expressions and equations in one variable and use these equations to solve problems.

3. Solving problems involving scale drawings and informal geometric construction, and working with two- and three-dimensional
shapes to solve problems involving area, surface area, and volume.
Students continue their work with area from Grade 6, solving problems involving the area and circumference of a circle as well as surface
area of three-dimensional objects. In preparation for work on congruence and similarity in Grade 8, they reason about relationships
among two-dimensional figures using scale drawings and informal geometric constructs, and they gain familiarity with the relationships
between angles formed by intersecting lines. Students work with three-dimensional figures, relating them to two-dimensional figures by
examining cross-sections. They solve real-world and mathematical problems involving area, surface area, and volume of two- and three-
dimensional objects composed of triangles, quadrilaterals, polygons, cubes, and right prisms.

4. Drawing inferences about populations based on samples.
Students build on their previous work with single data distributions to compare two data distributions and address questions about differences
between populations. They begin informal work with random sampling to generate data sets and learn about the importance of representative
samples for drawing inferences.
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Grade 7 Mathematics

Grade 7 Content Standards

Each content standard completes the stem *“Students will...”

Proportional Reasoning

Analyze proportional
relationships and use
them to solve real-world
and mathematical
problems.

1.

Calculate unit rates of length, area, and other quantities measured in like or different units that include ratios or
fractions.

Represent a relationship between two quantities and determine whether the two quantities are related
proportionally.

a.

b.

Solve multi-step percent problems in context using proportional reasoning, including simple interest, tax, gratuities,
commissions, fees, markups and markdowns, percent increase, and percent decrease.

Use equivalent ratios displayed in a table or in a graph of the relationship in the coordinate plane to determine
whether a relationship between two quantities is proportional.

Identify the constant of proportionality (unit rate) and express the proportional relationship using multiple
representations including tables, graphs, equations, diagrams, and verbal descriptions.

Explain in context the meaning of a point (x,y) on the graph of a proportional relationship, with special
attention to the points (0,0) and (1, r) where r is the unit rate.
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Grade 7 Mathematics

Number Systems and Operations

Apply and extend prior 4. Apply and extend knowledge of operations of whole numbers, fractions, and decimals to add, subtract, multiply,
knowledge of addition, and divide rational numbers including integers, signed fractions, and decimals.
subtraction, a. ldentify and explain situations where the sum of opposite quantities is 0 and opposite quantities are defined as
multiplication, and additive inverses.
division to operations b. Interpret the sum of two or more rational numbers, by using a number line and in real-world contexts.
with rational numbers. c. Explain subtraction of rational numbers as addition of additive inverses.
d. Use a number line to demonstrate that the distance between two rational numbers on the number line is the
absolute value of their difference, and apply this principle in real-world contexts.
e. Extend strategies of multiplication to rational numbers to develop rules for multiplying signed numbers,
showing that the properties of the operations are preserved.
f. Divide integers and explain that division by zero is undefined. Interpret the quotient of integers (with a non-
zero divisor) as a rational number.
g. Convert a rational number to a decimal using long division, explaining that the decimal form of a rational
number terminates or eventually repeats.
5. Solve real-world and mathematical problems involving the four operations of rational numbers, including complex
fractions. Apply properties of operations as strategies where applicable.
Algebra and Functions
Create equivalent 6. Apply properties of operations as strategies to add, subtract, factor, and expand linear expressions with rational
expressions using the coefficients.
properties of operations.
7. Generate expressions in equivalent forms based on context and explain how the quantities are related.
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Solve real-world and 8. Solve multi-step real-world and mathematical problems involving rational numbers (integers, signed fractions and
mathematical problems decimals), converting between forms as needed. Assess the reasonableness of answers using mental computation
using numerical and and estimation strategies.

algebraic expressions,

equations, and 9. Use variables to represent quantities in real-world or mathematical problems and construct algebraic expressions,
inequalities. equations, and inequalities to solve problems by reasoning about the quantities.

a. Solve word problems leading to equations of the form px + q = r and p(x + q) = r, where p, g, and r are specific
rational numbers. Solve equations of these forms fluently. Compare an algebraic solution to an arithmetic
solution, identifying the sequence of the operations used in each approach.

b. Solve word problems leading to inequalities of the form px + q > r or px + q <, where p, g, and r are specific
rational numbers. Graph the solution set of the inequality, and interpret it in the context of the problem.

Data Analysis, Statistics, and Probability

Make inferences about a | 10. Examine a sample of a population to generalize information about the population.

population using random a. Differentiate between a sample and a population.

sampling. b. Compare sampling techniques to determine whether a sample is random and thus representative of a
population, explaining that random sampling tends to produce representative samples and support valid
inferences.

c. Determine whether conclusions and generalizations can be made about a population based on a sample.

d. Use data from a random sample to draw inferences about a population with an unknown characteristic of
interest, generating multiple samples to gauge variation and making predictions or conclusions about the
population.

e. Informally explain situations in which statistical bias may exist.

Make inferences from an | 11. Informally assess the degree of visual overlap of two numerical data distributions with similar variabilities,

informal comparison of measuring the difference between the centers by expressing it as a multiple of a measure of variability.

two populations.

12. Make informal comparative inferences about two populations using measures of center and variability and/or mean
absolute deviation in context.
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Grade 7 Mathematics

Investigate probability
models.

13. Use a number from 0 to 1 to represent the probability of a chance event occurring, explaining that larger numbers
indicate greater likelihood of the event occurring, while a number near zero indicates an unlikely event.

14. Define and develop a probability model, including models that may or may not be uniform, where uniform models
assign equal probability to all outcomes and non-uniform models involve events that are not equally likely.
a. Collect and use data to predict probabilities of events.
b. Compare probabilities from a model to observed frequencies, explaining possible sources of discrepancy.

15. Approximate the probability of an event using data generated by a simulation (experimental probability) and
compare it to the theoretical probability.
a. Observe the relative frequency of an event over the long run, using simulation or technology, and use those
results to predict approximate relative frequency.

16. Find probabilities of simple and compound events through experimentation or simulation and by analyzing the
sample space, representing the probabilities as percents, decimals, or fractions.

a. Represent sample spaces for compound events using methods such as organized lists, tables, and tree diagrams,
and determine the probability of an event by finding the fraction of outcomes in the sample space for which the
compound event occurred.

b. Design and use a simulation to generate frequencies for compound events.

c. Represent events described in everyday language in terms of outcomes in the sample space which composed
the event.

Geometry and Measurement

Construct and describe
geometric figures,
analyzing relationships
among them.

17. Solve problems involving scale drawings of geometric figures, including computation of actual lengths and areas
from a scale drawing and reproduction of a scale drawing at a different scale.

18. Construct geometric shapes (freehand, using a ruler and a protractor, and using technology), given a written
description or measurement constraints with an emphasis on constructing triangles from three measures of angles
or sides, noticing when the conditions determine a unique triangle, more than one triangle, or no triangle.

19. Describe the two-dimensional figures created by slicing three-dimensional figures into plane sections.
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Grade ¢ Mathematics

Solve real-world and
mathematical problems
involving angle measure,
circumference, area,

surface area, and volume.

Note: Students must
select and use the
appropriate unit for the
attribute being measured
when determining length,
area, angle, time, or
volume.

20. Explain the relationships among circumference, diameter, area, and radius of a circle to demonstrate understanding

of formulas for the area and circumference of a circle.
a. Informally derive the formula for area of a circle.

b. Solve area and circumference problems in real-world and mathematical situations involving circles.

21. Use facts about supplementary, complementary, vertical, and adjacent angles in multi-step problems to write and

solve simple equations for an unknown angle in a figure.

22. Solve real-world and mathematical problems involving area, volume, and surface area of two- and three-
dimensional objects composed of triangles, quadrilaterals, polygons, cubes, and right rectangular prisms.
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In Grade 8, content is organized into four Alabama Content Areas outlined below: Number Systems and Operations; Algebra and Functions;

Grade S Mathematics Overview

Grade 8 Mathematics

Data Analysis, Statistics, and Probability; and Geometry and Measurement. Related standards are grouped into clusters, which are listed below
each content area. Resources to support the Grade 8 mathematical standards are in Appendix D. Standards indicate what students should know
or be able to do by the end of the course.

Alabama Content Areas

Number Systems and
Operations

Algebra and Functions

Data Analysis, Statistics,
and Probability

Geometry and Measurement

Clusters

Understand that the
real number system is
composed of rational
and irrational
numbers.

e Apply concepts of rational and integer
exponents.

e Analyze the relationship between proportional
and non-proportional situations.

e Analyze and solve linear equations and
systems of two linear equations.

e Explain, evaluate, and compare functions.

e Use functions to model relationships between
quantities.

e Investigate patterns of
association in
bivariate data.

Understand congruence and
similarity using physical models
or technology.

Analyze parallel lines cut by a
transversal.

Understand and apply the
Pythagorean Theorem.

Solve real-world and
mathematical problems involving
volume of cylinders, cones, and
spheres.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students
should regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these
practices is critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards
to be incorporated across all grades.

Student Mathematical Practices

1. Make sense of problems and persevere in solving them.

5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.
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Grade 8 Mathematics

Content Priorities

In Grade 8, instructional time should focus on three critical areas, all of which have equal importance:

1. Construct and reason about expressions and equations, including modeling an association in bivariate data with a linear equation,
and solving linear equations and systems of linear equations.
Students use linear equations and systems of linear equations to represent, analyze, and solve a variety of problems. Students recognize
equations for proportions (y/x = k or y = kx) as special linear equations (y = mx + b), understanding that the constant of proportionality (k)
is the slope, and the graphs are lines through the origin. They understand that the slope (m) of a line is a constant rate of change. Students
also use a linear equation to describe the association between two quantities in bivariate data. At this grade level, fitting the model to the
data and assessing its fit are done informally. Interpreting the model in the context of the data requires students to express a relationship
between the two quantities in question and to interpret components of the relationship (such as slope and y-intercept) in terms of the
situation. Students choose and implement procedures to solve linear equations in one variable, understanding that when they use the
properties of equality, they maintain the solutions of the original equation. Students solve systems of two linear equations in two variables
and relate the systems to pairs of lines in the plane; these intersect, are parallel, or are the same line. Students use linear equations,
systems of linear equations, linear functions, and their understanding of slope of a line to analyze situations and solve problems.

2. Describe the concept of a function and use functions to interpret quantitative relationships.
Students grasp the concept of a function as a rule that assigns to each input exactly one output. They understand that functions describe
situations where one quantity determines another. They describe how aspects of the function are reflected in the different representations.

3. Analyze two- and three-dimensional figures and understand and apply the Pythagorean Theorem.
Students use ideas about distance and angles and how they behave under translations, rotations, reflections, and dilations, and ideas about
congruence and similarity to analyze and describe two-dimensional figures and to solve problems. Students show that the sum of the angles in
a triangle is the angle formed by a straight line. Students understand and can explain the Pythagorean Theorem and its converse. They apply
the Pythagorean Theorem to find distances between points on the coordinate plane, to find lengths, and to analyze polygons. Students
understand and apply properties of parallel lines cut by a transversal in order to solve problems. Students conclude their study on volume by
solving problems involving cones, cylinders, and spheres.
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Grade 8 Mathematics

Grade S Mathematics Content Standards

Each content standard completes the stem ““Students will...”

Number Systems and Operations
Understand that the real | 1. Define the real number system as composed of rational and irrational numbers.

number system is a. Explain that every number has a decimal expansion; for rational numbers, the decimal expansion repeats or
composed of rational terminates.
and irrational numbers. b. Convert a decimal expansion that repeats into a rational number.

2. Locate rational approximations of irrational numbers on a number line, compare their sizes, and estimate the values
of the irrational numbers.

Algebra and Functions

Apply concepts of 3. Develop and apply properties of integer exponents to generate equivalent numerical and algebraic expressions.
integer exponents and

radicals. 4. Use square root and cube root symbols to represent solutions to equations.

a. Evaluate square roots of perfect squares (less than or equal to 225) and cube roots of perfect cubes (less than or
equal to 1000).
b. Explain that the square root of a non-perfect square is irrational.

5. Estimate and compare very large or very small numbers in scientific notation.

6. Perform operations with numbers expressed in scientific notation, including problems where both decimal and
scientific notation are used.
a. Use scientific notation and choose units of appropriate size for measurements of very large or very small
guantities.
b. Interpret scientific notation that has been generated by technology.
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Grade 8 Mathematics

Analyze the relationship | 7. Determine whether a relationship between two variables is proportional or non-proportional.
between proportional
and non-proportional 8. Graph proportional relationships.
situations. a. Interpret the unit rate of a proportional relationship, describing the constant of proportionality as the slope of the
graph which goes through the origin and has the equation y = mx where m is the slope.
9. Interprety = mx + b as defining a linear equation whose graph is a line with m as the slope and b as the y-intercept.
a. Use similar triangles to explain why the slope m is the same between any two distinct points on a non-vertical
line in a coordinate plane.
b. Given two distinct points in a coordinate plane, find the slope of the line containing the two points and explain
why it will be the same for any two distinct points on the line.
c. Graph linear relationships, interpreting the slope as the rate of change of the graph and the y-intercept as the
initial value.
d. Given that the slopes for two different sets of points are equal, demonstrate that the linear equations that include
those two sets of points may have different y-intercepts.
10. Compare proportional and non-proportional linear relationships represented in different ways (algebraically,
graphically, numerically in tables, or by verbal descriptions) to solve real-world problems.
Analyze and solve linear | 11. Solve multi-step linear equations in one variable, including rational number coefficients, and equations that require
equations and systems using the distributive property and combining like terms.
of two linear equations. a. Determine whether linear equations in one variable have one solution, no solution, or infinitely many solutions
of the form x = a, a = a, or a = b (where a and b are different numbers).
b. Represent and solve real-world and mathematical problems with equations and interpret each solution in the
context of the problem.
12. Solve systems of two linear equations in two variables by graphing and substitution.

a. Explain that the solution(s) of systems of two linear equations in two variables corresponds to points of
intersection on their graphs because points of intersection satisfy both equations simultaneously.

b. Interpret and justify the results of systems of two linear equations in two variables (one solution, no solution, or
infinitely many solutions) when applied to real-world and mathematical problems.
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Grade 8 Mathematics

Explain, evaluate, and
compare functions.

13. Determine whether a relation is a function, defining a function as a rule that assigns to each input (independent
value) exactly one output (dependent value), and given a graph, table, mapping, or set of ordered pairs.

14. Evaluate functions defined by a rule or an equation, given values for the independent variable.
15. Compare properties of functions represented algebraically, graphically, numerically in tables, or by verbal

descriptions.
a. Distinguish between linear and non-linear functions.

Use functions to model
relationships between
guantities.

16. Construct a function to model a linear relationship between two variables.
a. Interpret the rate of change (slope) and initial value of the linear function from a description of a relationship or
from two points in a table or graph.

17. Analyze the relationship (increasing or decreasing, linear or non-linear) between two quantities represented in a
graph.

Data Analysis, Statistics, and Probability

Investigate patterns of
association in bivariate
data.

18. Construct and interpret scatter plots for bivariate measurement data to investigate patterns of association between
two quantities, describing patterns in terms of positive, negative, or no association, linear and non-linear association,
clustering, and outliers.

19. Given a scatter plot that suggests a linear association, informally draw a line to fit the data, and assess the model fit
by judging the closeness of the data points to the line.

20. Use a linear model of a real-world situation to solve problems and make predictions.
a. Describe the rate of change and y-intercept in the context of a problem using a linear model of a real-world
situation.

21. Construct and interpret a two-way table summarizing data on two categorical variables collected from the same
subjects, using relative frequencies calculated for rows or columns to describe possible associations between the two
variables.
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Grade 8 Mathematics

Geometry and Measurement

Understand congruence
and similarity using
physical models or
technology.

22. Verify experimentally the properties of rigid motions (rotations, reflections, and translations): lines are taken to

23.

24,

lines, and line segments are taken to line segments of the same length; angles are taken to angles of the same

measure; and parallel lines are taken to parallel lines.

a. Given a pair of two-dimensional figures, determine if a series of rigid motions maps one figure onto the other,
recognizing that if such a sequence exists the figures are congruent; describe the transformation sequence that
verifies a congruence relationship.

Use coordinates to describe the effect of transformations (dilations, translations, rotations, and reflections) on two-
dimensional figures.

Given a pair of two-dimensional figures, determine if a series of dilations and rigid motions maps one figure onto
the other, recognizing that if such a sequence exists the figures are similar; describe the transformation sequence
that exhibits the similarity between them.

Analyze parallel lines
cut by a transversal.

25.

Analyze and apply properties of parallel lines cut by a transversal to determine missing angle measures.
a. Use informal arguments to establish that the sum of the interior angles of a triangle is 180 degrees.

Understand and apply
the Pythagorean
Theorem.

26.

217.

28.

Informally justify the Pythagorean Theorem and its converse.
Apply the Pythagorean Theorem to find the distance between two points in a coordinate plane.

Apply the Pythagorean Theorem to determine unknown side lengths of right triangles, including real-world
applications
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Grade 8 Mathematics

Solve real-world and
mathematical problems
involving volume of
cylinders, cones, and
spheres.

Note: Students must select
and use the appropriate
unit for the attribute being
measured when
determining length, area,
angle, time, or volume.

29. Informally derive the formulas for the volume of cones and spheres by experimentally comparing the volumes of
cones and spheres with the same radius and height to a cylinder with the same dimensions.

30. Use formulas to calculate the volumes of three-dimensional figures (cylinders, cones, and spheres) to solve real-

world problems.
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Grade 7 Accelerated and Grade S Accelerated Overview

Accelerated courses have been carefully aligned and designed for middle school students who show particular motivation and interest in
mathematics. In this pathway, students meet all the standards of Grade 7, Grade 8, and Algebra I with Probability within the Grade 7 Accelerated
and Grade 8 Accelerated courses, thus merging all the standards from three years of mathematics into two years. This enables students to move
through the content more quickly. Students who complete this pathway will be prepared to enter Geometry with Data Analysis in Grade 9 and then
accelerate directly into Algebra 11 with Statistics in Grade 10, thus providing them with an opportunity to take additional, specialized mathematics
coursework in Grades 11 and 12, such as AP Calculus, AP Statistics, or college dual enroliment classes. Clearly, this pathway will be challenging
and should be reserved for Grade 7 students who demonstrate a high level of motivation and interest in studying mathematics.

The Alabama Mathematics Content Areas shown below illustrate a progression designed to ensure that all students are equitably prepared to develop
conceptual understanding of mathematics. The NAEP (National Assessment of Educational Progress) content areas reflect an emphasis on the
importance of mathematical reasoning through the full spectrum of mathematical content. Alabama Mathematics Content Areas explicitly define the
framework needed for students to develop a comprehensive understanding of underlying mathematics concepts.

Overview of Alabama Mathematics Content Areas

NAEP (ontent Areas Kindergarten ] ) 3 4 5 b 1 8 High School
e Foundations of (ounting
umber Properties S i g g
and Operations Operations with Numbers: Base Ten Proportional Reasoning .
Operations with Numbers: Fractions |  Number Systemsand Operations

Algebra Operations and Algebraic Thinking Algebra and Functions
Data Analysis, Statistics, : ey "
and Probability Betiims Y
Measurement Measurement

Geometryand Measurement
Geometry Geometry
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Grade 7 Accelerated and Grade 8 Accelerated Overview

In the graphic below, the accelerated pathway from Geometry with Data Analysis is shown. This pathway is acceptable for students who have
completed both Grade 7 Accelerated and Grade 8 Accelerated mathematics in middle school.

ALSDE-APPROVED COURSES FOR
FOURTH MATHEMATICS CREDIT

Specialized
Course Options
(can be taken in

any order)
possible for
accelerated )
h A
[ Grade 7 ]—>[ Grade 8 ROy -b Applications of
7
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K5 >| Grade 6 I .7 Geometry with > Algebra | with 3| Algebra Il with m
Mathematics M Grade 7 ] Grade 8 ], —»| DataAnalysis Probability Statistics

—>

< H * i
Accelerated Accelerated e PR S Vo P Mathematical
Optional Lab Optional Lab [ Optional Lab 10~ Modeling
Course Course Course N
{ ) | Course | <4
satisfy Algebra 1 ")
with Probability may be taken Precalculus
requirement concurrently
TN
. AP
| Calculus
g \ 4

Extended Content

AP Computer AP
Science Statistics

Other ALDE-approved
courses, including dual
enroliment
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Grade 7 Accelerated

Overview

The Grade 7 Accelerated course has been carefully aligned and designed for middle school students who show particular motivation and interest in
mathematics. In Grade 7 Accelerated, the content is organized into five Alabama Content Areas: Proportional Reasoning; Number Systems and

Operations; Algebra and Functions; Data Analysis, Statistics, and Probability; and Geometry and Measurement. Related standards are grouped into
clusters which are listed below each content area.

Standards are labeled to indicate whether they come from Grade 7 Mathematics, Grade 8 Mathematics, or Algebra | with Probability. Resources to
support Grade 7 Accelerated mathematical standards are in Appendices D and E. Standards indicate what students should know and be able to do by
the end of the course.

While the word function is referenced in the standards for Grade 7 Accelerated, function notation is reserved for Grade 8 Accelerated.

Alabama Content

Proportional Reasoning

Number Systems and

Algebra and Functions

Data Analysis, Statistics,

relationship between
proportional and non-
proportional
situations.

real number system is
composed of rational
and irrational numbers.

numerical and algebraic
expressions, equations, and
inequalities.

Explain, evaluate, and compare
functions.

populations.
Investigate

probability models.

Areas Operations and Probability CREmET; Eme] YREETEmE:

« Analyze proportional « Apply and extend prior Create equivalent expressions « Make inferences e Construct and describe
relationships and use knowledge of addition, using the properties of about a population geometrical figures,
them to solve real- subtraction, operations. using random analyzing relationships
world problems and multiplication, and Apply concepts of rational and sampling. among them.
mathematical division to operations integer exponents. « Make inferences » Solve real-world and
problems. with rational numbers. Solve real-world and from an informal mathematical problems

Clusters e Analyze the e Understand that the mathematical problems using comparison of two involving angle measure,

area, surface area, and
volume.

Understand congruence
and similarity using
physical models or
technology.

2019 Alabama Course of Study: Mathematics

83



Grade 7 Accelerated

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is
critical in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be
incorporated across all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

Statements in bold print indicate the scope of the standard and align the standard to related content in other courses. The full scope of every
standard should be addressed during instruction.

Grade 7 Accelerated Content Standards

Each content standard completes the stem ““Students will...”
Proportional Reasoning

Analyze proportional 1. Calculate unit rates of length, area, and other quantities measured in like or different units that include ratios or
relationships and use fractions. [Grade 7, 1]

them to solve real-world

problems and 2. Represent a relationship between two quantities and determine whether the two quantities are related
mathematical problems. proportionally.

a. Use equivalent ratios displayed in a table or in a graph of the relationship in the coordinate plane to
determine whether a relationship between two quantities is proportional.

b. Identify the constant of proportionality (unit rate) and express the proportional relationship using multiple
representations including tables, graphs, equations, diagrams, and verbal descriptions of proportional
relationships.

c. Explain in context the meaning of a point (x,y) on the graph of a proportional relationship, with special
attention to the points (0,0) and (1, r) where r is the unit rate. [Grade 7, 2]
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Grade 7 Accelerated

Solve multi-step percent problems in context using proportional reasoning, including simple interest, tax, gratuities,
commissions, fees, markups and markdowns, percent increase, and percent decrease. [Grade 7, 3]

Analyze the relationship
between proportional
and non-proportional
situations.

Determine whether a relationship between two variables is proportional or non-proportional. [Grade 8, 7]

Graph proportional relationships.
a.

Interpret y = mx + b as defining a linear equation whose graph is a line with m as the slope and b as the y-intercept.
a.

b.

Compare proportional and non-proportional linear relationships represented in different ways (algebraically,
graphically, numerically in tables, or by verbal descriptions) to solve real-world problems. [Grade 8, 10]

Interpret the unit rate of a proportional relationship, describing the constant of proportionality as the slope of the
graph which goes through the origin and has the equation y = mx where m is the slope. [Grade 8, 8]

Use similar triangles to explain why the slope m is the same between any two distinct points on a non-vertical
line in a coordinate plane.

Given two distinct points in a coordinate plane, find the slope of the line containing the two points and explain
why it will be the same for any two distinct points on the line.

Graph linear relationships, interpreting the slope as the rate of change of the graph and the y-intercept as the
initial value.

Given that the slopes for two different sets of points are equal, demonstrate that the linear equations that include
those two sets of points may have different y-intercepts. [Grade 8, 9]
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Grade 7 Accelerated

Number Systems and Operations

Apply and extend prior | 8. Apply and extend knowledge of operations of whole numbers, fractions, and decimals to add, subtract, multiply, and

knowledge of addition, divide rational numbers including integers, signed fractions, and decimals.

subtraction, a. ldentify and explain situations where the sum of opposite quantities is 0 and opposite quantities are defined as
multiplication, and additive inverses.

division to operations b. Interpret the sum of two or more rational numbers, by using a number line and in real-world contexts.

with rational numbers. c. Explain subtraction of rational numbers as addition of additive inverses.

d. Use a number line to demonstrate that the distance between two rational numbers on the number line is the
absolute value of their difference, and apply this principle in real-world contexts.

e. Extend strategies of multiplication to rational numbers to develop rules for multiplying signed numbers,
showing that the properties of the operations are preserved.

f. Divide integers and explain that division by zero is undefined. Interpret the quotient of integers (with a non-zero
divisor) as a rational number.

g. Convert a rational number to a decimal using long division, explaining that the decimal form of a rational
number terminates or eventually repeats. [Grade 7, 4]

9. Solve real-world and mathematical problems involving the four operations of rational numbers, including complex
fractions. Apply properties of operations as strategies where applicable. [Grade 7, 5]

Understand that the real | 10. Define the real number system as composed of rational and irrational numbers.

number system is a. Explain that every number has a decimal expansion; for rational numbers, the decimal expansion repeats in a
composed of rational pattern or terminates.
and irrational numbers. b. Convert a decimal expansion that repeats in a pattern into a rational number. [Grade 8, 1]

11. Locate rational approximations of irrational numbers on a number line, compare their sizes, and estimate the values
of irrational numbers. [Grade 8, 2]

86
2019 Alabama Course of Study: Mathematics



Grade 7 Accelerated

Algebra and Functions
Create equivalent 12. Apply properties of operations as strategies to add, subtract, factor, and expand linear expressions with rational
expressions using the coefficients. [Grade 7, 6]

properties of operations.
13. Generate expressions in equivalent forms based on context and explain how the quantities are related. [Grade 7, 7]

Apply concepts of 14. Develop and apply properties of integer exponents to generate equivalent numerical and algebraic expressions.
rational and integer [Grade 8, 3]
exponents

15. Use square root and cube root symbols to represent solutions to equations.
a. Evaluate square roots of perfect squares (less than or equal to 225) and cube roots of perfect cubes (less than or
equal to 1000).
b. Explain that the square root of a non-perfect square is irrational. [Grade 8, 4]

16. Express and compare very large or very small numbers in scientific notation. [Grade 8, 5]
a. Perform operations with numbers expressed in scientific notation, including problems where both decimal and
scientific notation are used, expressing answers in scientific notation. [Grade 8, 6]
b. Use scientific notation and choose units of appropriate size for measurements of very large or very small
quantities. [Grade 8, 6a]
c. Interpret scientific notation that has been generated by technology. [Grade 8, 6b]
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Grade 7 Accelerated

Solve real-world and
mathematical problems
using numerical and
algebraic expressions,
equations, and
inequalities.

17.

18.

19.

20.

21.

Solve multi-step real-world and mathematical problems involving rational numbers (integers, signed fractions, and
decimals), converting between forms as needed. Assess the reasonableness of answers using mental computation
and estimation strategies. [Grade 7, 8]

Use variables to represent quantities in a real-world or mathematical problem and construct algebraic expressions,

equations, and inequalities to solve problems by reasoning about the quantities.

a. Solve word problems leading to equations of the form px + q =r and p(x + q) = r, where p, g, and r are specific
rational numbers. Solve equations of these forms fluently. Compare an algebraic solution to an arithmetic
solution, identifying the sequence of the operations used in each approach.

b. Solve word problems leading to inequalities of the form px + g > r or px + q < r, where p, g, and r are specific

rational numbers. Graph the solution set of the inequality and interpret it in the context of the problem.
[Grade 7, 9, and linear portion of Algebra | with Probability, 11]

Create equations in two variables to represent relationships between quantities in context; graph equations on
coordinate axes with labels and scales and use them to make predictions. Limit to contexts arising from linear
functions. [Algebra | with Probability, 12 partial]

Represent constraints by equations and/or inequalities, and interpret solutions as viable or nonviable options in a
modeling context. Limit to contexts arising from linear. [Algebra | with Probability, 13 partial]

Solve multi-step linear equations in one variable, including rational number coefficients, and equations that require

using the distributive property and combining like terms.

a. Determine whether linear equations in one variable have one solution, no solution, or infinitely many solutions
of the form x =a, a = a, or a = b (where a and b are different numbers).

b. Represent and solve real-world and mathematical problems with equations and interpret each solution in the
context of the problem. [Grade 8, 11]

Explain, evaluate, and
compare functions.

22,

Identify the effect on the graph of replacing f (x) by f (x) + k, k - f(x), f (kx), and f (x + k) for specific values of k
(both positive and negative); find the value of k given the graphs. Experiment with cases and explain the effects on
the graph using technology, where appropriate. Limit to linear functions. [Algebra | with Probability, 23]
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Grade 7 Accelerated

23. Construct a function to model the linear relationship between two variables.
a. Interpret the rate of change (slope) and initial value of the linear function from a description of a relationship
from two points in a table or graph. [Grade 8, 16]

24. Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect are the
solutions of the equation f(x) = g(x). Limit to linear equations. [Algebra I with Probability, 19]

25. Find approximate solutions by graphing the functions, making tables of values, or finding successive
approximations, using technology where appropriate.
Note: Include cases where f(x) is linear and g(x) is constant or linear. [Algebra | with Probability, 19 edited]

Data Analysis, Statistics, and Probability

Make inferences about a
population using
random sampling.

26. Examine a sample of a population to generalize information about the population.

a. Differentiate between a sample and a population.

b. Compare sampling techniques to determine whether a sample is random and thus representative of a population,
explaining that random sampling tends to produce representative samples and support valid inferences.

c. Determine whether conclusions and generalizations can be made about a population based on a sample.

d. Use data from a random sample to draw inferences about a population with an unknown characteristic of
interest, generating multiple samples to gauge variation and make predictions or conclusions about the
population.

e. Informally explain situations in which statistical bias may exist. [Grade 7, 10]

Make inferences from
an informal comparison
of two populations.

27. Informally assess the degree of visual overlap of two numerical data distributions with similar variabilities,
measuring the difference between the centers by expressing it as a multiple of a measure of variability. [Grade 7, 11]

28. Make informal comparative inferences about two populations using measures of center and variability and/or mean
absolute deviation in context. [Grade 7, 12]

Investigate probability
models.

29. Use a number between 0 and 1 to represent the probability of a chance event occurring, explaining that larger

numbers indicate greater likelihood of the event occurring, while a number near zero indicates an unlikely event.
[Grade 7, 13]
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Grade 7 Accelerated

30. Define and develop a probability model, including models that may or may not be uniform, where uniform models
assign equal probability to all outcomes and non-uniform models involve events that are not equally likely.
a. Collect and use data to predict probabilities of events.
b. Compare probabilities from a model to observe frequencies, explaining possible sources of discrepancy.
[Grade 7, 14]

31. Approximate the probability of an event by using data generated by a simulation (experimental probability) and
compare it to theoretical probability.
a. Observe the relative frequency of an event over the long run, using simulation or technology, and use those
results to predict approximate relative frequency. [Grade 7, 15]

32. Find probabilities of simple and compound events through experimentation or simulation and by analyzing the
sample space, representing the probabilities as percents, decimals, or fractions.

a. Represent sample spaces for compound events using methods such as organized lists, tables, and tree diagrams,
and determine the probability of an event by finding the fraction of outcomes in the sample space for which the
compound event occurred.

b. Design and use a simulation to generate frequencies for compound events.

c. Represent events described in everyday language in terms of outcomes in the sample space which composed the
event. [Grade 7, 16]

Geometry and Measurement

Construct and describe
geometrical figures,
analyzing relationships
among them.

33. Solve problems involving scale drawings of geometric figures including computation of actual lengths and areas
from a scale drawing and reproduction of a scale drawing at a different scale. [Grade 7, 17]

34. Construct geometric shapes (freehand, using a ruler and a protractor, and using technology) given measurement
constraints with an emphasis on constructing triangles from three measures of angles or sides, noticing when the
conditions determine a unique triangle, more than one triangle, or no triangle. [Grade 7, 18]

35. Describe the two-dimensional figures created by slicing three-dimensional figures into plane sections. [Grade 7, 19]
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Grade 7 Accelerated

Solve real-world and 36. Explain the relationships among circumference, diameter, area, and radius of a circle to demonstrate understanding
mathematical problems of formulas for the area and circumference of a circle.

involving angle a. Informally derive the formula for area of a circle.

measure, area, surface b. Solve area and circumference problems in real-world and mathematical situations involving circles. [Grade 7, 20]

area, and volume.
37. Use facts about supplementary, complementary, vertical, and adjacent angles in multi-step problems to write and
solve simple equations for an unknown angle in a figure. [Grade 7, 21]

38. Analyze and apply properties of parallel lines cut by a transversal to determine missing angle measures.
a. Use informal arguments to establish that the sum of the interior angles of a triangle is 180 degrees. [Grade 8, 25]

39. Solve real-world and mathematical problems involving area, volume, and surface area of two- and three-

dimensional objects composed of triangles, quadrilaterals, polygons, cubes, and right rectangular prisms.
[Grade 7, 22]

40. Informally derive the formulas for the volume of cones and spheres by experimentally comparing the volumes of
cones and spheres with the same radius and height to a cylinder with the same dimensions. [Grade 8, 29]

41. Use formulas to calculate the volumes of three-dimensional figures to solve real-world problems. [Grade 8, 30]

Understand congruence | 42. Verify experimentally the properties of rigid motions (rotations, reflections, and translations): lines are taken to

and similarity using lines, and line segments are taken to line segments of the same length; angles are taken to angles of the same
physical models or measure; and parallel lines are taken to parallel lines.
technology. a. Given a pair of two-dimensional figures, determine if a series of rigid motions maps one figure onto the other,

recognizing that if such a sequence exists the figures are congruent; describe the transformation sequence that
verifies a congruence relationship. [Grade 8, 22]

43. Use coordinates to describe the effect of transformations (dilations, translations, rotations, and reflections) on two-
dimensional figures. [Grade 8, 23]

44. Given a pair of two-dimensional figures, determine if a series of dilations and rigid motions maps one figure onto
the other, recognizing that if such a sequence exists the figures are similar; describe the transformation sequence
that exhibits the similarity between them. [Grade 8, 24]
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Grade S Accelerated

Overview

The Grade 8 Accelerated course has been carefully aligned and designed for middle school students who have completed the Grade 7 Accelerated
course and show particular motivation and interest in mathematics. In Grade 8 Accelerated, there are four content areas: Number Systems and
Operations; Algebra and Functions; Data Analysis, Statistics, and Probability; and Geometry and Measurement. The algebra focus is on quadratic
relationships.

Students who successfully complete this course will be prepared to enter Geometry with Data Analysis in Grade 9 and then accelerate directly into
Algebra Il with Statistics in Grade 10, thus providing them with an opportunity to take additional, specialized mathematics coursework, such as AP
Calculus or AP Statistics, in Grades 11 and 12.

Standards have been labeled to indicate whether they come from Grade 8 Mathematics or Algebra I with Probability. Resources to support Grade 8
Accelerated mathematical standards are in Appendices D and E.

While the word function is referenced in the standards for Grade 7 Accelerated, function notation is reserved for Grade 8 Accelerated.
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Grade 8 Accelerated

Conent | Number Systems Algebra and Functi Data Analysis, Statistics, and Probabilit Geometry and
Ao?egg and Operations gebra and Functions ata Analysis, Statistics, and Probability Measurement
e Together, Expressions can be rewritten in equivalent forms by using algebraic « Investigate patterns of association in « Understand
irrational properties, including properties of addition, multiplication, and bivariate data. and apply
numbers and exponentiation, to make different characteristics or features visible. « Data arise from a context and come the
rational Analyze and solve linear equations and systems of two linear in two types: quantitative Pythagorean
numbers equations. (continuous or discrete) and Theorem.
complete the Finding solutions to an equation, inequality, or system of equations or categorical. Technology can be used
real number inequalities requires the checking of candidate solutions, whether to “clean” and organize data,
system, generated analytically or graphically, to ensure that solutions are found including very large data sets, into a
representing and that those found are not extraneous. useful and manageable structure — a
all points on The structure of an equation or inequality (including, but not limited to, first step in any analysis of data.
the number one-variable linear and quadratic equations, inequalities, and systems « The association between two
line, while of linear equations in two variables) can be purposefully analyzed (with categorical variables is typically
there exist and without technology) to determine an efficient strategy to find a represented by using two-way tables
numbers solution, if one exists, and then to justify the solution. and segmented bar graphs.
beyond the Expressions, equations, and inequalities can be used to analyze and « Data analysis techniques can be used
real numbers make predictions, both within mathematics and as mathematics is to develop models of contextual
called applied in different contexts — in particular, contexts that arise in situations and to generate and
complex relation to linear, quadratic, and exponential situations. evaluate possible solutions to real
numbers. Functions shift the emphasis from a point-by-point relationship problems involving those contexts.
Clusters between two variables (input/output) to considering an entire set of « Mathematical and statistical

ordered pairs (where each first element is paired with exactly one
second element) as an entity with its own features and characteristics.
Graphs can be used to obtain exact or approximate solutions of
equations, inequalities, and systems of equations and inequalities —
including systems of linear equations in two variables and systems of
linear and quadratic equations (given or obtained by using technology).
Functions can be described by using a variety of representations:
mapping diagrams, function notation (e.g., f(x) = x?, recursive
definitions, tables, and graphs.

Functions that are members of the same family have distinguishing
attributes (structure) common to all functions within that family.
Functions can be represented graphically and key features of the
graphs, including zeros, intercepts, and, when relevant, rate of change
and maximum/minimum values, can be associated with and interpreted
in terms of the equivalent symbolic representation.

Functions model a wide variety of real situations and can help students
understand the processes of making and changing assumptions,
assigning variables, and finding solutions to contextual problems.

reasoning about data can be used to
evaluate conclusions and assess risks.

« Making and defending informed,
data-based decisions is a
characteristic of a quantitatively
literate person.

« Two events are independent if the
occurrence of one event does not
affect the probability of the other
event. Determining whether two
events are independent can be used
for finding and understanding
probabilities.

« Conditional probabilities — that is, those
probabilities that are “conditioned” by
some known information — can be
computed from data organized in
contingency tables. Conditions or
assumptions may affect the computation
of a probability.
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The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is
critical in using mathematics, both within the classroom and in life. The Student Mathematical Practices are standards to be incorporated
across all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

Statements in bold print indicate the scope of the standard and align the standard to related content in other courses. The full scope of every
standard should be addressed during instruction.

Grade S Accelerated Content Standards

Each content standard completes the stem **Students will...”

Number Systems and Operations

Together, irrational 1. Explain how the meaning of rational exponents follows from extending the properties of integer exponents to
numbers and rational those values, allowing for an additional notation for radicals in terms of rational exponents.

numbers complete the real [Algebra I with Probability, 1]

number system,

representing all points on 2. Rewrite expressions involving radicals and rational exponents using the properties of exponents.

the number line, while there [Algebra | with Probability, 2]

exist numbers beyond the . . . . .

real numbers called 3. Define the_lmaglna(y number i such that i 2 = -1.

complex numbers. [Algebra | with Probability, 3]
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Algebra and Functions

Expressions can be
rewritten in equivalent
forms by using algebraic
properties, including
properties of addition,
multiplication, and
exponentiation, to make
different characteristics or
features visible.

4.

Interpret linear, quadratic, and exponential expressions in terms of a context by viewing one or more of their
parts as a single entity. [Algebra | with Probability, 4]

Example: Interpret the accrued amount of investment P(1 + r)t, where P is the principal and r is the interest
rate, as the product of P and a factor depending on time t.

Use the structure of an expression to identify ways to rewrite it. [Algebra | with Probability, 5]
Example: See x* - y* as (x?)? - (y?)?, thus recognizing it as a difference of squares that can be factored as (x? -

yA)(X2 +y?).

Choose and produce an equivalent form of an expression to reveal and explain properties of the quantity

represented by the expression.

a. Factor quadratic expressions with leading coefficients of one, and use the factored form to reveal the zeros
of the function it defines.

b. Use the vertex form of a quadratic expression to reveal the maximum or minimum value and the axis of
symmetry of the function it defines; complete the square to find the vertex form of quadratics with a leading
coefficient of one.

c. Use the properties of exponents to transform expressions for exponential functions. [Algebra I with
Probability, 6]

Example: ldentify percent rate of change in functions such as y = (1.02)!, y = (0.97)!, y = (1.01)!, or
y = (1.2)"1 and classify them as representing exponential growth or decay.

Add, subtract, and multiply polynomials, showing that polynomials form a system analogous to the integers,
namely, they are closed under the operations of addition, subtraction, and multiplication.
[Algebra | with Probability, 7]

Analyze the relationship (increasing or decreasing, linear or non-linear) between two quantities represented in a
graph. [Grade 8, 17]
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Analyze and solve linear
equations and systems of
two linear equations.

9. Solve systems of two linear equations in two variables by graphing and substitution.
a. Explain that the solution(s) of systems of two linear equations in two variables corresponds to points of
intersection on their graphs because points of intersection satisfy both equations simultaneously.
b. Interpret and justify the results of systems of two linear equations in two variables (one solution, no solution,
or infinitely many solutions) when applied to real-world and mathematical problems. [Grade 8, 12]

Finding solutions to an
equation, inequality, or
system of equations or
inequalities requires the
checking of candidate
solutions, whether
generated analytically or
graphically, to ensure that
solutions are found and that
those found are not
extraneous.

10. Explain why extraneous solutions to an equation involving absolute values may arise and how to check to be
sure that a candidate solution satisfies an equation. [Algebra | with Probability, 8]

The structure of an equation
or inequality (including, but
not limited to, one-variable
linear and quadratic
equations, inequalities, and
systems of linear equations
in two variables) can be
purposefully analyzed (with
and without technology) to
determine an efficient
strategy to find a solution, if
one exists, and then to
justify the solution.

11. Select an appropriate method to solve a quadratic equation in one variable.
a. Use the method of completing the square to transform any quadratic equation in x into an equation of the
form (x — p)? = g that has the same solutions. Explain how the quadratic formula is derived from this form.
b. Solve quadratic equations by inspection (such as x? = 49), taking square roots, completing the square, the
quadratic formula, and factoring, as appropriate to the initial form of the equation, and recognize that some
solutions may not be real. [Algebra I with Probability, 9]

12. Select an appropriate method to solve a system of two linear equations in two variables.
a. Solve a system of two equations in two variables by using linear combinations; contrast situations in which
use of linear combinations is more efficient with those in which substitution is more efficient.
b. Contrast solutions to a system of two linear equations in two variables produced by algebraic methods with
graphical and tabular methods. [Algebra I with Probability, 10]
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Expressions, equations, and
inequalities can be used to
analyze and make
predictions, both within
mathematics and as
mathematics is applied in
different contexts — in
particular, contexts that
arise in relation to linear,
quadratic, and exponential
situations.

13.

14.

15.

Create equations and inequalities in one variable and use them to solve problems in context, either exactly or
approximately. Extend from contexts arising from linear functions to those involving quadratic,
exponential, and absolute value functions. [Algebra I with Probability, 11]

Create equations in two or more variables to represent relationships between quantities in context; graph
equations on coordinate axes with labels and scales and use them to make predictions. Limit to contexts arising

from linear, quadratic, exponential, absolute value, and linear piecewise functions. [Algebra I with
Probability, 12]

Represent constraints by equations and/or inequalities, and solve systems of equations and/or inequalities,
interpreting solutions as viable or nonviable options in a modeling context. Limit to contexts arising from
linear, quadratic, exponential, absolute value, and linear piecewise functions. [Algebra I with Probability, 13]

Functions shift the emphasis
from a point-by-point
relationship between two
variables (input/output) to
considering an entire set of
ordered pairs (where each
first element is paired with
exactly one second element)
as an entity with its own
features and characteristics.

16.

17.

18.

Define a function as a mapping from one set (called the domain) to another set (called the range) that assigns to

each element of the domain exactly one element of the range. [Grade 8, 13, edited for added content]

a. Use function notation, evaluate functions for inputs in their domains, and interpret statements that use
function notation in terms of a context. [Grade 8, 14, edited for added content]
Note: If f is a function and x is an element of its domain, then f(x) denotes the output of f corresponding to
the input x.

b. Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it

describes. Limit to linear, quadratic, exponential, and absolute value functions. [Algebra I with
Probability, 15]

Given a relation defined by an equation in two variables, identify the graph of the relation as the set of all its
solutions plotted in the coordinate plane. [Algebra I with Probability, 14]
Note: The graph of a relation often forms a curve (which could be a line).

Compare and contrast relations and functions represented by equations, graphs, or tables that show related
values; determine whether a relation is a function. Identify that a function f is a special kind of relation defined
by the equation y = f(x). [Algebra I with Probability, 16]
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19. Combine different types of standard functions to write, evaluate, and interpret functions in context. Limit to
linear, quadratic, exponential, and absolute value functions.

a. Use arithmetic operations to combine different types of standard functions to write and evaluate functions.
Example: Given two functions, one representing flow rate of water and the other representing evaporation
of that water, combine the two functions to determine the amount of water in the container at a given time.

b. Use function composition to combine different types of standard functions to write and evaluate functions.
[Algebra | with Probability, 17]

Example: Given the following relationships, determine what the expression S(T(t)) represents.

Function | Input Output

G Amount of studying: s Grade in course: G(s)

S Grade in course: ¢ Amount of screen time: S(g)
T Amount of screen time: t | Number of followers: T(t)

Graphs can be used to
obtain exact or approximate
solutions of equations,
inequalities, and systems of
equations and inequalities —
including systems of linear
equations in two variables
and systems of linear and
quadratic equations (given
or obtained by using
technology).

20. Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect are
the solutions of the equation f(x) = g(x).
a. Find the approximate solutions of an equation graphically, using tables of values, or finding successive
approximations, using technology where appropriate. [Algebra | with Probability, 19]
Note: Include cases where f(x) is linear, quadratic, exponential, or absolute value functions and g(x) is
constant or linear.

21. Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary in the case of
a strict inequality), and graph the solution set to a system of linear inequalities in two variables as the
intersection of the corresponding half-planes, using technology where appropriate. [Algebra I with Probability, 20]

22. Solve systems consisting of linear and/or quadratic equations in two variables graphically, using technology
where appropriate. [Algebra | with Probability, 18]

2019 Alabama Course of Study: Mathematics

98



Grade 8 Accelerated

Functions can be described
by using a variety of
representations: mapping
diagrams, function notation
(e.g., f(x) = x?), recursive
definitions, tables, and
graphs.

23.

24,

Compare properties of two functions, each represented in a different way (algebraically, graphically,
numerically in tables, or by verbal descriptions). Include linear, quadratic, exponential, absolute value, and
linear piecewise. [Algebra | with Probability, 21, edited]

a. Distinguish between linear and non-linear functions. [Grade 8, 15a]

Define sequences as functions, including recursive definitions, whose domain is a subset of the integers.

a. Write explicit and recursive formulas for arithmetic and geometric sequences and connect them to linear and
exponential functions. [Algebra I with Probability, 22]
Example: A sequence with constant growth will be a linear function, while a sequence with proportional
growth will be an exponential function.

Functions that are members
of the same family have
distinguishing attributes
(structure) common to all

functions within that family.

25.

26.

27.

28.

Identify the effect on the graph of replacing f (x) by f (x) + k, k-f (x), f(kx), and f (x + k) for specific values of k
(both positive and negative); find the value of k given the graphs. Experiment with cases and explain the effects
on the graph, using technology as appropriate. Extend from linear to quadratic, exponential, absolute value,
and linear piecewise functions. [Algebra I with Probability, 23, edited]

Distinguish between situations that can be modeled with linear functions and those that can be modeled with

exponential functions.

a. Show that linear functions grow by equal differences over equal intervals, while exponential functions grow
by equal factors over equal intervals.

b. Define linear functions to represent situations in which one quantity changes at a constant rate per unit
interval relative to another.

c. Define exponential functions to represent situations in which a quantity grows or decays by a constant
percent rate per unit interval relative to another. [Algebra I with Probability, 24]

Construct linear and exponential functions, including arithmetic and geometric sequences, given a graph, a

description of a relationship, or two input-output pairs (include reading these from a table). [Algebra I with
Probability, 25]

Use graphs and tables to show that a quantity increasing exponentially eventually exceeds a quantity increasing
linearly or quadratically. [Algebra I with Probability, 26]

99
2019 Alabama Course of Study: Mathematics



Grade 8 Accelerated

29.

Interpret the parameters of functions in terms of a context. Extend from linear functions, written in the form
mx + b, to exponential functions, written in the form ab*. [Algebra I with Probability, 27]

Example: If the function V/(t) = 19885(0.75)" describes the value of a car after it has been owned for t years,
19885 represents the purchase price of the car when t = 0, and 0.75 represents the annual rate at which its
value decreases.

Functions can be
represented graphically and
key features of the graphs,
including zeros, intercepts,
and, when relevant, rate of
change and
maximum/minimum values,
can be associated with and
interpreted in terms of the
equivalent symbolic
representation.

30.

31.

32.

For a function that models a relationship between two quantities, interpret key features of graphs and tables in
terms of the quantities, and sketch graphs showing key features given a verbal description of the relationship.
Note: Key features include: intercepts; intervals where the function is increasing, decreasing, positive, or
negative; maximums and minimums; symmetries; and end behavior. Extend from relationships that can be
represented by linear functions to quadratic, exponential, absolute value, and general piecewise functions.
[Algebra I with Probability, 28]

Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a
specified interval. Estimate the rate of change from a graph. Limit to linear, quadratic, exponential, and
absolute value functions. [Algebra | with Probability, 29]

Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using
technology for more complicated cases.

a. Graph linear and quadratic functions and show intercepts, maxima, and minima.

b. Graph piecewise-defined functions, including step functions and absolute value functions.

c. Graph exponential functions, showing intercepts and end behavior. [Algebra I with Probability, 30]

Functions model a wide
variety of real situations and
can help students
understand the processes of
making and changing
assumptions, assigning
variables, and finding
solutions to contextual
problems.

33.

Use the mathematical modeling cycle to solve real-world problems involving linear, quadratic, exponential,
absolute value, and linear piecewise functions. [Algebra | with Probability, 31]
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Data Analysis, Statistics, and Probability

Investigate patterns of 34. Construct and interpret scatter plots for bivariate measurement data to investigate patterns of association
association in bivariate data. between two quantities, describing patterns in terms of positive, negative, or no association, linear and non-
linear association, clustering, and outliers. [Grade 8, 18]

35. Given a scatter plot that suggests a linear association, informally draw a line to fit the data, and assess the model
fit by judging the closeness of the data points to the line. [Grade 8, 19]

36. Use a linear model of a real-world situation to solve problems and make predictions.
a. Describe the rate of change and y-intercept in the context of a problem using a linear model of a real-world
situation. [Grade 8, 20]

37. Construct and interpret a two-way table summarizing data on two categorical variables collected from the same
subjects, using relative frequencies calculated for rows or columns to describe possible associations between the
two variables. [Grade 8, 21]

Data arise from a context 38. Distinguish between quantitative and categorical data and between the techniques that may be used for

and come in two types: analyzing data of these two types. [Algebra I with Probability, 34]

quantitative (continuous or Example: The color of cars is categorical and so is summarized by frequency and proportion for each color
discrete) and categorical. category, while the mileage on each car’s odometer is quantitative and can be summarized by the mean.

Technology can be used to
“clean” and organize data,
including very large data
sets, into a useful and
manageable structure — a
first step in any analysis of

data.

The association between 39. Analyze the possible association between two categorical variables.

two categorical variables is a. Summarize categorical data for two categories in two-way frequency tables and represent using segmented
typically represented by bar graphs.

using two-way tables and b. Interpret relative frequencies in the context of categorical data (including joint, marginal, and conditional
segmented bar graphs. relative frequencies).

c. Identify possible associations and trends in categorical data. [Algebra I with Probability, 35]
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Data analysis techniques
can be used to develop
models of contextual
situations and to generate
and evaluate possible
solutions to real problems
involving those contexts.

40.

Generate a two-way categorical table in order to find and evaluate solutions to real-world problems.

a. Aggregate data from several groups to find an overall association between two categorical variables.

b. Recognize and explore situations where the association between two categorical variables is reversed when a
third variable is considered (Simpson’s Paradox). [Algebra I with Probability, 36]
Example: In a certain city, Hospital 1 has a higher fatality rate than Hospital 2. But when considering
mildly-injured patients and severely-injured patients as separate groups, Hospital 1 has a lower fatality rate
among both groups than Hospital 2, since Hospital 1 is a Level 1 Trauma Center. Thus, Hospital 1 receives
most of the severely-injured patients who are less likely to survive overall but have a better chance of
surviving in Hospital 1 than they would in Hospital 2.

Mathematical and statistical
reasoning about data can be
used to evaluate conclusions
and assess risks.

41.

Use mathematical and statistical reasoning with bivariate categorical data in order to draw conclusions and
assess risk. [Algebra I with Probability, 32]

Example: In a clinical trial comparing the effectiveness of flu shots A and B, 21 subjects in treatment group A
avoided getting the flu while 29 contracted it. In group B, 12 avoided the flu while 13 contracted it. Discuss
which flu shot appears to be more effective in reducing the chances of contracting the flu.

Possible answer: Even though more people in group A avoided the flu than in group B, the proportion of people
avoiding the flu in group B is greater than the proportion in group A, which suggests that treatment B may be
more effective in lowering the risk of getting the flu.

Contracted Flu Did Not Contract Flu
Flu Shot A 29 21
Flu Shot B 13 12
Total 42 33

Making and defending
informed, data-based
decisions is a characteristic
of a quantitatively literate
person.

42.

Design and carry out an investigation to determine whether there appears to be an association between two
categorical variables, and write a persuasive argument based on the results of the investigation. [Algebra I with
Probability, 33]

Example: Investigate whether there appears to be an association between successfully completing a task in a
given length of time and listening to music while attempting to complete the task. Randomly assign some
students to listen to music while attempting to complete the task and others to complete the task without listening
to music. Discuss whether students should listen to music while studying, based on that analysis.
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Two events are independent
if the occurrence of one
event does not affect the
probability of the other
event. Determining whether
two events are independent
can be used for finding and
understanding probabilities.

43. Describe events as subsets of a sample space (the set of outcomes) using characteristics (or categories) of the
outcomes, or as unions, intersections, or complements of other events (“or," "and,” "not").

[Algebra | with Probability, 37]

44. Explain whether two events, A and B, are independent, using two-way tables or tree diagrams. [Algebra | with

Probability, 38]

Conditional probabilities —
that is, those probabilities
that are “conditioned” by
some known information —
can be computed from data
organized in contingency
tables. Conditions or
assumptions may affect the
computation of a
probability.

45. Compute the conditional probability of event A given event B, using two-way tables or tree diagrams.

[Algebra | with Probability, 39]
46. Recognize and describe the concepts of conditional probability and independence in everyday situations and
explain them using everyday language. [Algebra | with Probability, 40]
Example: Contrast the chance of having lung cancer if you are a smoker with the chance of being a smoker if
you have lung cancer.

47. Explain why the conditional probability of A given B is the fraction of B's outcomes that also belong to A, and
interpret the answer in context. [Algebra I with Probability, 41]

/

Example: the probability of drawing a king from a deck of cards, given that it is a face card, is %, which is %

12/

Geometry and Measurement

Understand and apply the
Pythagorean Theorem.

48. Informally justify the Pythagorean Theorem and its converse. [Grade 8, 26]
49. Apply the Pythagorean Theorem to find the distance between two points in a coordinate plane. [Grade 8, 27]

50. Apply the Pythagorean Theorem to determine unknown side lengths of right triangles, including real-world
applications. [Grade 8, 28]
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GRADES 9-12 OVERVIEW

The high school mathematics course of study in this document focuses on empowering students in three areas:
e meeting their postsecondary goals, whether they pursue additional study or enter the workforce;
e functioning as effective citizens who can use mathematics to make responsible decisions about their own lives and about society as a
whole; and
e recognizing mathematics as an inspiring, enjoyable, and significant human achievement.

Meeting these goals requires students to understand that “mathematics is more than finding answers; mathematics requires reasoning and problem-
solving in order to solve real-world and mathematical problems.”” (see Teaching and Learning Mathematics Position Statement on p. 7). Thus,
students must be consistently engaged in the Student Mathematical Practices, which are listed as standards for every course. At the high school level,
it is particularly important that students consistently use technology and other appropriate mathematical tools to explore and develop a deep
understanding of the mathematics they are studying. A particular emphasis on mathematical modeling (using mathematics to solve real world
problems) is also incorporated throughout the courses.

Ensuring that all students receive the preparation they deserve requires unrelenting focus on developing their deep understanding of the most critical
content that they will need not simply to pass the next test or course, but also to function effectively throughout their lives. In order to ensure the
necessary focus on this critical content, these standards build on “essential concepts” for high school mathematics described by the National Council
of Teachers of Mathematics (NCTM) in Catalyzing Change in High School Mathematics: Initiating Critical Conversations (2018). These essential
concepts are designed to be achieved by all students within the first three years of high school mathematics, and they form the foundation for
additional coursework designed to meet students’ specific post-high school needs and interests. Note in particular the emphasis on statistics and
probability, which are increasingly important in today’s world. See the complete list of essential concepts below.

Pathways to Student Success

In order to be mathematically well-prepared upon graduation, students need to complete four credits in high school mathematics. The high school
program builds on students’ preparation in Grades 6-8 with a shared pathway of three required courses taken by all students, followed by additional
“specialized courses” that prepare students for life and study after high school, including specific educational and career options. Note that decisions
on what pathway a student pursues should be based on his or her interests and motivation to pursue the pathway, not on prejudgments about what he
or she may or may not be able to achieve. Students and parents
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should receive full information on the different pathways and their consequences so that they can make informed decisions, rather than having
decisions made for them. Students should also be encouraged to expand their horizons by taking a pathway that provides options beyond what they
may currently be considering in order to accommodate the broadest range of future interests.

Placing Geometry with Data Analysis before Algebra I with Probability. Following a recommendation in Catalyzing Change (NCTM, 2018),
Geometry with Data Analysis is the first required high school course, followed by Algebra | with Probability and Algebra Il with Statistics. Placing
Geometry with Data Analysis before Algebra | with Probability serves three major purposes. First, having two consecutive high school mathematics
courses focusing on algebra, without a geometry course in between, means there is no gap in algebra content, which should increase students’
retention of algebraic concepts and decrease the need for reteaching. Second, this arrangement allows all students, no matter what pathway they
followed in the middle grades, to enter Geometry with Data Analysis in Grade 9, providing them with a common mathematics experience at the
beginning of high school. Students who did not complete the accelerated middle grades curriculum can then take Algebra | with Probability, while
students who have taken the accelerated middle grades curriculum and have made sufficient progress can move on to Algebra Il with Statistics.
Third, Geometry with Data Analysis develops mathematical knowledge and skills through visual representations prior to the more abstract
development of algebra. Beginning high school mathematics with Geometry with Data Analysis in Grade 9 offers students the opportunity to build
their reasoning and sense-making skills, see the applicability of mathematics, and prepare more effectively for further studies in algebra.

Geometry with Data Analysis has been carefully designed so that its use of algebra in geometric contexts follows directly from and extends the
algebraic knowledge and skills developed in Grade 8 Mathematics, while reinforcing concepts included in the Grade 8 Accelerated Mathematics for
students who have completed that course.

Support for students who are struggling. School systems may not offer any of the three required courses as “A” and “B” courses in which the
content is spread over two courses. Instead, all school systems should offer lab courses to be taken concurrently with the required content courses to
meet the needs of all students. These lab courses might review prior knowledge needed for upcoming lessons, reinforce content from previous
lessons, or preview upcoming content to ensure that students can fully participate in the required content classes. Since lab courses do not cover
additional mathematical standards, students can receive only an elective credit for each of them, not a mathematics credit.

No specific scheduling structure for the lab courses is prescribed in the course of study document. Many schools and districts have intervention
schedules which can be used or modified to accommodate the lab courses. Students must receive the support they need for success, in whatever form
is possible, without slowing down their progress through the curriculum, which would limit their options for further study of mathematics. Care
should be taken to ensure that informed choices, based on solid data, are made about which students are assigned to lab classes or other supports.
Assignment to lab courses should be fluid, based on frequent scrutiny of student progress, rather than being a foregone conclusion based on the
support they have received in the past.
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Support for students who are particularly motivated and interested. While offering Geometry with Data Analysis before Grade 9 is not allowed,
an option is provided for middle school students who show particular motivation and interest in mathematics—“accelerated” courses for Grade 7 and
Grade 8 that incorporate the standards from Algebra | with Probability with the standards of Grade 7 and Grade 8. Students completing this pathway
and showing adequate progress by the end of Geometry with Data Analysis in Grade 9 may move directly to Algebra Il with Statistics. These students
will be required to take two additional courses beyond Algebra 11 with Statistics to earn the mandatory four credits in mathematics, since neither of
the accelerated middle grades courses (nor their combination) is equivalent to a high school mathematics course. This provides them the opportunity
to make additional progress towards their postsecondary goals.

The accelerated pathway is not the default for a large number of students; it should be reserved for those students entering the seventh grade who are
highly motivated to study mathematics very intensively. However, even highly motivated students may not excel in these courses. Students who are
not making adequate progress in Grade 7 Accelerated may elect to take the non-accelerated Grade 8 Mathematics course without any loss of
progress. Likewise, even if students have completed the accelerated pathway, they may elect to take the Algebra I with Probability course after
Geometry with Data Analysis if they are not adequately prepared for Algebra Il with Statistics.

Finally, provision is made for Grade 9 students who did not complete the accelerated middle school pathway but who wish to take additional
specialized mathematics courses in high school. These students may take Geometry with Data Analysis and Algebra I with Probability concurrently
in Grade 9 and then take Algebra Il with Statistics in Grade 10. They should, however, also take a mathematics course in both Grade 11 and Grade
12, meaning that they earn a fifth mathematics credit in Grade 12. Continuing to study mathematics every year preserves student gains and is a key
recommendation of Catalyzing Change (NCTM, 2018).

Students and parents should receive ongoing feedback and information on options as they decide whether or not to pursue, or continue pursuing, an
accelerated pathway, rather than having that decision made for them without consultation. It is critical that all students are afforded the opportunity to
pursue a pathway that supports their interests and goals.

Specialized mathematics courses. Following Algebra Il with Statistics, students choose among three specialized mathematics classes that are
designed to prepare them for future success in the postsecondary study of mathematics, in careers, and in their lifelong use and enjoyment of
mathematics. Again, students and parents should receive full information on the different courses and the opportunities their completion will afford
so that they can make informed decisions, rather than having decisions made for them.

e Precalculus is designed for students who intend to enter mathematics-intensive majors or other majors or careers for which calculus is
required. These include a broad range of scientific and engineering fields, as well as business and finance.

e Mathematical Modeling builds on the mathematics students have encountered in previous courses, allowing them to explore real-world
phenomena and engage in mathematical decision-making. This course provides a solid foundation for students who are entering a range of

106
2019 Alabama Course of Study: Mathematics



Grades 9-12 Overview

fields involving quantitative reasoning, whether or not they may ultimately need calculus. This course may be particularly appropriate for
students who need precalculus in college.

e Applications of Finite Mathematics provides an introduction to mathematical thinking for solving problems that are frequently encountered in
today’s complex society but are not commonly encountered in the high school curriculum. This course is appropriate for a broad range of
students who are entering fields for which calculus is not required or who want to broaden their mathematical understanding.

Note, however, that all of these courses are designed to allow students to progress to further studies in mathematics. No course should be seen as a
dead end but rather as an invitation to students to continue their journey in mathematics.

Students requiring two credits of mathematics after Algebra Il with Statistics may take any two of the three specialized mathematics courses, as their
content does not substantially overlap, and they may be completed in any order. AP Calculus may also be taken following Precalculus in school
systems where it is offered. AP Calculus can provide a head start for students intending a major or career requiring calculus.

Extended courses. AP Statistics and AP Computer Science courses are extended courses approved by ALSDE for a fourth mathematics credit. These
courses will supplement students” mathematical preparation in high school but are not designed to prepare students for their initial credit-bearing
post-secondary course in mathematics. Students who intend to pursue a technical field may consider taking an AP Computer Science course along
with either Applications of Finite Mathematics or Mathematical Modeling. Students who intend to pursue a field with extensive use of statistics may
consider taking AP Statistics along with either Applications of Finite Mathematics or Mathematical Modeling. However, to provide students with an
adequate background for future mathematical endeavors, it is recommended that AP Statistics and AP Computer Science courses be completed in
addition to one of the specialized courses. The ALSDE has approved other options for a fourth mathematics credit, including dual enrollment
courses; see table at the end of Appendix B.
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Examples of Pathways. The rows of the following table provide examples of pathways which students may experience across Grades 7-12. Note
that students should be enrolled in a mathematics course every year of middle and high school.

Grade 7 Grade 8 Grade 9 Grade 10 Grade 11 Grade 12
Grade 7 . Geometry with Data Algebra I with Algebra Il with -
Mathematics Grade 8 Mathematics Analysis Probability Statistics Specialized course
AP Calculus
Grade 7 Geometry with Data Precalculus OR ,Ib_\dd(;tlonal
Mathematics Analysis Alaebra 1 with Speciallzed course
OR Grade 8 Mathematics | AND Algebra I with gStatistics Mathematical
Accelerated Grade 7 Probability Modeling Precalculus
Mathematics (concurrently) OR Applications of OR chgr additional
Finite Mathematics specialized course
AP Calculus
Precalculus OR Additional
specialized course
Accelerated Grade 7 | Accelerated Grade 8 Geometry with Data Algebra Il with :
Mathematics Mathematics Analysis Statistics Mfls\l/tlgzrgl?gcal Precalculus
eling OR Other additional
OR Applications of ialized
Finite Mathematics speclalized course
Accelerated Grade 7 Grade 8 Mathematics Geometry with Data Algebra I with Algebra Il with o
. OR Accelerated . . . Specialized course
Mathematics . Analysis Probability Statistics
Grade 8 Mathematics

See Appendix E for an exhaustive list of course pathways. In addition, see the figure in Appendix B which shows how each pathway connects with postsecondary

options.
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Organization of Standards

1. Asetof essential concepts is used to organize the standards in the required courses in the high school section of the course of study. These essential
concepts build on those described by the National Council of Teachers of Mathematics (2018) in Catalyzing Change in High School Mathematics, with
some additional concepts reflecting that all Alabama students must take three courses rather than 2.5. These essential concepts include the concepts and
skills that all students need to build the mathematical foundation required for the continued study of mathematics and for other future mathematical needs.

2. Essential concepts are given for four content areas, as shown in the table below: Number and Quantity; Algebra and Functions; Data Analysis, Statistics,
and Probability; and Geometry and Measurement. A table for applicable content areas appears in each course. (The order of the content areas follows
Catalyzing Change, whereas K-8 follows the order given in the table below.) A table for applicable content areas appears in each course. Each content area
(other than Number and Quantity) is further organized into several focus areas which appear as subheadings in the table. Focus areas in Grades 9-12 are
similar to clusters in K-8, groups of related essential concepts and standards within the specific content area. Not every focus area appears in every course.
Finally, the essential concepts are listed in the left column of each table, alongside a list of content standards that support attainment of each. The standards
are collectively designed as the mathematical content of a shared pathway for all students.

Overview of Alabama Mathematics Content Areas

NAEP (ontent Areas Kindergarten ] 2 3 4 5 b 1 8 High School
Foundations of Counting
Number Properties T ] z B
and Operations Operations with Numbers: Base Ten Proportional Reasoning .
Operations with Numbers: Fractions | Number Systemsand Operations
Algebra (Operations and Algebraic Thinking Algebraand Functions
Data Analysis, Statistics, ; Lt o
and Probability Data Analyss Data Analysis, Statistics, and Probability
Measurement Measurement
Geometry and Measurement
Geometry Geometry

3. Content standards are written in the right column of each content area table and numbered as shown in the illustration below. The content standards
support the attainment of the essential concepts listed on the left. Standards define what students should understand (know) and be able to do at the
conclusion of a course or grade. Content standards in this document contain minimum required content. Some have sub-standards, indicated with a, b, c,
d, which are extensions of the content standards and are also required. Some standards include examples, which are not required to be taught. The order in
which standards are listed within a course or grade is not intended to convey a sequence for instruction. Each content standard completes the stem
“Students will...”
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4. Some related standards appear across multiple high school courses. In many cases, there is a bold-print statement to indicate the scope of the standard to
align the content that is taught across the courses. The full scope of every standard should be addressed during instruction.

5. The specialized courses taken after Algebra 11 with Statistics are organized in ways related to their specific subject matter, which extend beyond the
essential concepts and directly support students’ professional and personal goals. The standards indicating what students should know or be able to do are
listed in the right columns of the content area tables. Important concepts within these content areas are described in the left columns, and focus areas
within the tables are indicated.

Alabama
Content Area Content
Focus Area Standard
— /
Data Analysis, Statistics, and Probahility— /

Focus 1: Quantitative Literac}'/ /

Mathematical and statistical reasoning about 7. Use mathematical and statistical reasoning with quantitative data, both umivanate data (set
data can be used to evaluate conclusions and T of values) and bivanate data (set of pairs of values) that suggest a linear association, 1n
assess risks. order to draw conclusions and assess risk. Example: Estimate the typical age at which a
Vel lung cancer patient is diagnosed, and estimate how the typical age differs depending on
/ the number of cigarettes smoked per day.
Essential l
Concept Content
Standard
Number
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Grades 9-12 Overview

All essential concepts used in the high school course of study are listed below. The required courses in which the essential concepts appear are
noted in the column on the right.

Number and Quantity

Together, irrational numbers and rational numbers complete the real number system,
representing all points on the number line, while there exist numbers beyond the real
numbers called complex numbers.

Geometry with Data Analysis
Algebra I with Probability
Algebra Il with Statistics

linear and quadratic equations, inequalities, and systems of linear equations in two
variables) can be purposefully analyzed (with and without technology) to determine an
efficient strategy to find a solution, if one exists, and then to justify the solution.

e Quantitative reasoning includes, and mathematical modeling requires attention to units Geometry with Data Analysis
of measurement.
e Matrices are a useful way to represent information. Algebra Il with Statistics
Algebra and Functions
Focus 1: Algebra
° !Expregsmns can pe rewrltte'n' in equwgle_nt f_orms by using alggb_ralc propertles_, Algebra | with Probability
including properties of addition, multiplication, and exponentiation, to make different X .
o e Algebra Il with Statistics
characteristics or features visible.
° Flnd_lng solutions to an equation, mequa_llty, or system of equations or _lnequalltles Algebra | with Probability
requires the checking of candidate solutions, whether generated analytically or X -
. X Algebra Il with Statistics
graphically, to ensure that solutions are found and that those found are not extraneous.
e The structure of an equation or inequality (including, but not limited to, one-variable

Geometry with Data Analysis
Algebra I with Probability
Algebra Il with Statistics
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e Expressions, equations, and inequalities can be used to analyze and make predictions, | Geometry with Data Analysis
both within mathematics and as mathematics is applied in different contexts — in Algebra I with Probability
particular, contexts that arise in relation to linear, quadratic, and exponential situations. | Algebra Il with Statistics

Focus 2: Connecting Algebra to Functions

e Functions shift the emphasis from a point-by-point relationship between two variables
(input/output) to considering an entire set of ordered pairs (where each first element is
paired with exactly one second element) as an entity with its own features and
characteristics.

Algebra I with Probability

e Graphs can be used to obtain exact or approximate solutions of equations, inequalities,
and systems of equations and inequalities — including systems of linear equations in
two variables and systems of linear and quadratic equations (given or obtained by using
technology).

Geometry with Data Analysis
Algebra I with Probability
Algebra Il with Statistics

Focus 3: Functions

e Functions can be described by using a variety of representations: mapping diagrams, Algebra I with Probability

function notation (e.g., f(x) = x), recursive definitions, tables, and graphs. Algebra Il with Statistics
e Functions that are members of the same family have distinguishing attributes Algebra I with Probability
(structure) common to all functions within that family. Algebra Il with Statistics

e Functions can be represented graphically, and key features of the graphs, including
zeros, intercepts, and, when relevant, rate of change and maximum/minimum values, | Algebra I with Probability
can be associated with and interpreted in terms of the equivalent symbolic Algebra Il with Statistics
representation.

e Functions model a wide variety of real situations and can help students understand the
processes of making and changing assumptions, assigning variables, and finding
solutions to contextual problems.

Algebra I with Probability
Algebra Il with Statistics
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Data Analysis, Statistics, and Probability

Focus 1: Quantitative Literacy

e Mathematical and statistical reasoning about data can be used to evaluate conclusions | Geometry with Data Analysis
and assess risks. Algebra I with Probability
Algebra Il with Statistics
e Making and defending informed data-based decisions is a characteristic of a Algebra I with Probability

quantitatively literate person.

Algebra Il with Statistics

Focus 2: Visualizing and Summarizing Data

Data arise from a context and come in two types: quantitative (continuous or discrete)
and categorical. Technology can be used to “clean” and organize data, including very
large data sets, into a useful and manageable structure — a first step in any analysis of
data.

Geometry with Data Analysis
Algebra I with Probability

Distributions of quantitative data (continuous or discrete) in one variable should be
described in the context of the data with respect to what is typical (the shape, with
appropriate measures of center and variability, including standard deviation) and what
is not (outliers), and these characteristics can be used to compare two or more
subgroups with respect to a variable.

Geometry with Data Analysis
Algebra Il with Statistics

The association between two categorical variables is typically represented by using
two-way tables and segmented bar graphs.

Algebra I with Probability

Scatterplots, including plots over time, can reveal patterns, trends, clusters, and gaps
that are useful in analyzing the association between two contextual variables.

Geometry with Data Analysis

Analyzing the association between two quantitative variables should involve statistical
procedures, such as examining (with technology) the sum of squared deviations in
fitting a linear model, analyzing residuals for patterns, generating a least-squares
regression line and finding a correlation coefficient, and differentiating between
correlation and causation.

Geometry with Data Analysis

Data-analysis techniques can be used to develop models of contextual situations and to
generate and evaluate possible solutions to real problems involving those contexts.

Geometry with Data Analysis
Algebra Il with Statistics
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Focus 3: Statistical Inference

e Study designs are of three main types: sample survey, experiment, and observational Algebra Il with Statistics
study.

e The role of randomization is different in randomly selecting samples and in randomly | Algebra Il with Statistics
assigning subjects to experimental treatment groups.

e The scope and validity of statistical inferences are dependent on the role of Algebra Il with Statistics
randomization in the study design.

e Bias, such as sampling, response, or nonresponse bias, may occur in surveys, yielding | Algebra Il with Statistics
results that are not representative of the population of interest.

e The larger the sample size, the less the expected variability in the sampling distribution | Algebra Il with Statistics
of a sample statistic.

e The sampling distribution of a sample statistic formed from repeated samples for a Algebra Il with Statistics
given sample size drawn from a population can be used to identify typical behavior for
that statistic. Examining several such sampling distributions leads to estimating a set of
plausible values for the population parameter, using the margin of error as a measure
that describes the sampling variability.

Focus 4: Probability

e Two events are independent if the occurrence of one event does not affect the Algebra I with Probability
probability of the other event. Determining whether two events are independent can be
used for finding and understanding probabilities.

e Conditional probabilities — that is, those probabilities that are “conditioned” by some | Algebra I with Probability
known information — can be computed from data organized in contingency tables.
Conditions or assumptions may affect the computation of a probability.
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Geometry and Measurement

Focus 1: Measurement

e Areas and volumes of figures can be computed by determining how the figure might be | Geometry with Data Analysis
obtained from simpler figures by dissection and recombination.

e Constructing approximations of measurements with different tools, including Geometry with Data Analysis
technology, can support an understanding of measurement.

e \When an object is the image of a known object under a similarity transformation, a Geometry with Data Analysis

length, area, or volume on the image can be computed by using proportional
relationships.

Algebra Il with Statistics

Focus 2: Transformations

Applying geometric transformations to figures provides opportunities for describing
the attributes of the figures preserved by the transformation and for describing
symmetries by examining when a figure can be mapped onto itself.

Geometry with Data Analysis

Showing that two figures are congruent involves showing that there is a rigid motion
(translation, rotation, reflection, or glide reflection) or, equivalently, a sequence of rigid
motions that maps one figure to the other.

Geometry with Data Analysis

Showing that two figures are similar involves finding a similarity transformation
(dilation or composite of a dilation with a rigid motion) or, equivalently, a sequence of
similarity transformations that maps one figure onto the other.

Geometry with Data Analysis

Transformations in geometry serve as a connection with algebra, both through the
concept of functions and through the analysis of graphs of functions as geometric
figures.

This essential concept is not
noted in any of the required
courses. However, it is
addressed within the Algebra
and Functions Content Area.
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Focus 3: Geometric Arguments, Reasoning, and Proof

e Proof is the means by which we demonstrate whether a statement is true or false

mathematically, and proofs can be communicated in a variety of ways (e.g., two-
column, paragraph).

Geometry with Data Analysis

Using technology to construct and explore figures with constraints provides an
opportunity to explore the independence and dependence of assumptions and
conjectures.

Geometry with Data Analysis

Proofs of theorems can sometimes be made with transformations, coordinates, or
algebra; all approaches can be useful, and in some cases one may provide a more
accessible or understandable argument than another.

Geometry with Data Analysis

Focus 4: Solving Applied Problems and Modeling in Geometry

e Recognizing congruence, similarity, symmetry, measurement opportunities, and other

geometric ideas, including right triangle trigonometry in real-world contexts, provides
a means of building understanding of these concepts and is a powerful tool for solving
problems related to the physical world in which we live.

Geometry with Data Analysis
Algebra Il with Statistics

Experiencing the mathematical modeling cycle in problems involving geometric
concepts, from the simplification of the real problem through the solving of the
simplified problem, the interpretation of its solution, and the checking of the solution’s
feasibility, introduces geometric techniques, tools, and points of view that are valuable
to problem solving.

Geometry with Data Analysis
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Overview

Geometry with Data Analysis is a newly-designed course which builds on the students’ experiences in the middle grades. It is the first of three
required courses in high school mathematics, providing a common Grade 9 experience for all students entering high-school-level mathematics.

If students need additional support while taking Geometry with Data Analysis, schools are encouraged to offer a concurrent “lab course” to meet their
specific needs. The lab course might review prior knowledge for upcoming lessons, reinforce content from previous lessons, or preview upcoming
content to ensure that students can fully participate in the required class. Since the lab course does not cover additional mathematical standards,
students can receive only an elective credit for each lab course, not a mathematics credit. See further details on the lab courses in the High School
Overview. Note that school systems will not offer Geometry with Data Analysis as “A” and “B” courses in which the content is spread over two
courses.

Geometry with Data Analysis builds essential concepts necessary for students to meet their postsecondary goals (whether they pursue additional
study or enter the workforce), to function as effective citizens, and to recognize the wonder, joy, and beauty of mathematics (NCTM, 2018). It is
important because it develops mathematical knowledge and skills through visual representations prior to the more abstract development of algebra.
Beginning high school mathematics with Geometry with Data Analysis in Grade 9 offers students the opportunity to build their reasoning and sense-
making skills, see the applicability of mathematics, and prepare more effectively for further studies in algebra. The course also focuses on data
analysis, which provides students with tools to describe, show, and summarize data in the world around them.

In Geometry with Data Analysis, students incorporate knowledge and skills from several mathematics content areas, leading to a deeper
understanding of fundamental relationships within the discipline and building a solid foundation for further study. In the content area of Geometry
and Measurement, students build on and deepen prior understanding of transformations, congruence, similarity, and coordinate geometry concepts.
Informal explorations of transformations provide a foundation for more formal considerations of congruence and similarity, including development
of criteria for triangle congruence and similarity. An emphasis on reasoning and proof throughout the content area promotes exploration, conjecture
testing, and informal and formal justification. Students extend their middle school work with conjecturing and creating informal arguments to more
formal proofs in this course.

In the content area of Algebra and Functions, students perform algebraic calculations with specific application to geometry that build on foundations
of algebra from Grades 7 and 8. In the Data Analysis, Statistics, and Probability content area, students build from earlier experiences in analyzing
data and creating linear models to focus on univariate quantitative data on the real number line (shape, center, and variability) and bivariate
quantitative data on a coordinate plane (creating linear models).
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NOTE: Although not all content areas in the grade level have been included in the overview, all standards should be included in instruction.

A focus on mathematical modeling and real-world statistical problem-solving is included across the course; see Appendix E for more information on
the modeling cycles for mathematics and statistics. It is essential for students to use technology and other mathematical tools to explore geometric
shapes and their properties and to represent and analyze data.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both within the classroom and in life. The Student Mathematical Practices are standards to be incorporated across all
grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

The standards indicating what students should know or be able to do at the end of the course are listed in the right columns of the content standard
tables. The essential concepts are listed in the left columns. In some cases, focus areas are indicated. Statements in bold print indicate the scope of
the standard and align the standard to related content taught in other courses. The full scope of every standard should be addressed during instruction.

Geometry with Data Analysis Content Standards

Each content standard completes the stem ““Students will...”

Number and Quantity

Together, irrational numbers and rational 1. Extend understanding of irrational and rational numbers by rewriting expressions involving
numbers complete the real number system, radicals, including addition, subtraction, multiplication, and division, in order to recognize
representing all points on the number line, geometric patterns.

while there exist numbers beyond the real
numbers called complex numbers.
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Quantitative reasoning includes, and
mathematical modeling requires, attention
to units of measurement.

2. Use units as a way to understand problems and to guide the solution of multi-step problems.

a. Choose and interpret units consistently in formulas.

b. Choose and interpret the scale and the origin in graphs and data displays.

c. Define appropriate quantities for the purpose of descriptive modeling.

d. Choose a level of accuracy appropriate to limitations of measurements when reporting
quantities.

Algebra and Functions

Focus 1: Algebra

The structure of an equation or inequality
(including, but not limited to, one-variable
linear and quadratic equations, inequalities,
and systems of linear equations in two
variables) can be purposefully analyzed (with
and without technology) to determine an
efficient strategy to find a solution, if one
exists, and then to justify the solution.

Find the coordinates of the vertices of a polygon determined by a set of lines, given their
equations, by setting their function rules equal and solving, or by using their graphs.

Expressions, equations, and inequalities can be
used to analyze and make predictions, both
within mathematics and as mathematics is
applied in different contexts — in particular,
contexts that arise in relation to linear,
quadratic, and exponential situations.

Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving
equations.
Example: Rearrange the formula for the area of a trapezoid to highlight one of the bases.

Focus 2: Connecting Algebra to Functions

Graphs can be used to obtain exact or
approximate solutions of equations,
inequalities, and systems of equations and
inequalities—including systems of linear
equations in two variables and systems of
linear and quadratic equations (given or
obtained by using technology).

5.

Verify that the graph of a linear equation in two variables is the set of all its solutions plotted
in the coordinate plane, which forms a line.

Derive the equation of a circle of given center and radius using the Pythagorean Theorem.
a.  Given the endpoints of the diameter of a circle, use the midpoint formula to find its
center and then use the Pythagorean Theorem to find its equation.
b. Derive the distance formula from the Pythagorean Theorem.
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Data Analysis, Statistics, and Probability

Focus 1: Quantitative Literacy

Mathematical and statistical reasoning
about data can be used to evaluate
conclusions and assess risks.

Use mathematical and statistical reasoning with quantitative data, both univariate data (set of
values) and bivariate data (set of pairs of values) that suggest a linear association, in order to
draw conclusions and assess risk.

Example: Estimate the typical age at which a lung cancer patient is diagnosed, and estimate
how the typical age differs depending on the number of cigarettes smoked per day.

Focus 2: Visualizing and Summarizing Data

Data arise from a context and come in two
types: quantitative (continuous or discrete)
and categorical. Technology can be used to
“clean” and organize data, including very
large data sets, into a useful and
manageable structure — a first step in any
analysis of data

8.

Use technology to organize data, including very large data sets, into a useful and manageable
structure.

Distributions of quantitative data
(continuous or discrete) in one variable
should be described in the context of the
data with respect to what is typical (the
shape, with appropriate measures of center
and variability, including standard
deviation) and what is not (outliers), and
these characteristics can be used to
compare two or more subgroups with
respect to a variable.

Represent the distribution of univariate quantitative data with plots on the real number line,
choosing a format (dot plot, histogram, or box plot) most appropriate to the data set, and
represent the distribution of bivariate quantitative data with a scatter plot. Extend from
simple cases by hand to more complex cases involving large data sets using technology.

10. Use statistics appropriate to the shape of the data distribution to compare and contrast two or

more data sets, utilizing the mean and median for center and the interquartile range and
standard deviation for variability.

a. Explain how standard deviation develops from mean absolute deviation.

b. Calculate the standard deviation for a data set, using technology where appropriate.

11. Interpret differences in shape, center, and spread in the context of data sets, accounting for

possible effects of extreme data points (outliers) on mean and standard deviation.
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Scatter plots, including plots over time, can | 12. Represent data of two quantitative variables on a scatter plot, and describe how the variables
reveal patterns, trends, clusters, and gaps are related.
that are useful in analyzing the association a. Find a linear function for a scatter plot that suggests a linear association and
between two contextual variables. informally assess its fit by plotting and analyzing residuals, including the squares of the
residuals, in order to improve its fit.
b. Use technology to find the least-squares line of best fit for two quantitative variables.
Analyzing the association between two 13. Compute (using technology) and interpret the correlation coefficient of a linear relationship.
guantitative variables should involve
statistical procedures, such as examining 14. Distinguish between correlation and causation.
(with technology) the sum of squared
deviations in fitting a linear model,
analyzing residuals for patterns, generating
a least-squares regression line and finding
a correlation coefficient, and
differentiating between correlation and
causation.
Data analysis techniques can be used to 15. Evaluate possible solutions to real-life problems by developing linear models of contextual
develop models of contextual situations situations and using them to predict unknown values.
and to generate and evaluate possible a. Use the linear model to solve problems in the context of the given data.
solutions to real problems involving those b. Interpret the slope (rate of change) and the intercept (constant term) of a linear model in
contexts. the context of the given data.
Geometry and Measurement
Focus 1: Measurement
Areas and volumes of figures can be 16. Identify the shapes of two-dimensional cross-sections of three-dimensional objects, and

computed by determining how the figure
might be obtained from simpler figures by
dissection and recombination.

identify three-dimensional objects generated by rotations of two-dimensional objects.
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17. Model and solve problems using surface area and volume of solids, including composite
solids and solids with portions removed.

a. Give an informal argument for the formulas for the surface area and volume of a sphere,
cylinder, pyramid, and cone using dissection arguments, Cavalieri's Principle, and
informal limit arguments.

b. Apply geometric concepts to find missing dimensions to solve surface area or volume
problems.

Constructing approximations of 18. Given the coordinates of the vertices of a polygon, compute its perimeter and area using a
measurements with different tools, variety of methods, including the distance formula and dynamic geometry software, and
including technology, can support an evaluate the accuracy of the results.
understanding of measurement.
When an object is the image of a known 19. Derive and apply the relationships between the lengths, perimeters, areas, and volumes of
object under a similarity transformation, a similar figures in relation to their scale factor.
length, area, or volume on the image can
be computed by using proportional 20. Derive and apply the formula for the length of an arc and the formula for the area of a sector.
relationships.
Focus 2: Transformations
Applying geometric transformations to 21. Represent transformations and compositions of transformations in the plane (coordinate and
figures provides opportunities for otherwise) using tools such as tracing paper and geometry software.
describing the attributes of the figures a. Describe transformations and compositions of transformations as functions that take
preserved by the transformation and for points in the plane as inputs and give other points as outputs, using informal and formal
describing symmetries by examining when notation.
a figure can be mapped onto itself. b. Compare transformations which preserve distance and angle measure to those that do
not.
22. Explore rotations, reflections, and translations using graph paper, tracing paper, and geometry

software.
a. Given a geometric figure and a rotation, reflection, or translation, draw the image of the
transformed figure using graph paper, tracing paper, or geometry software.
b. Specify a sequence of rotations, reflections, or translations that will carry a given figure
onto another.
c. Draw figures with different types of symmetries and describe their attributes.
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23. Develop definitions of rotation, reflection, and translation in terms of angles, circles,
perpendicular lines, parallel lines, and line segments.

Showing that two figures are congruent 24. Define congruence of two figures in terms of rigid motions (a sequence of translations,
involves showing that there is a rigid rotations, and reflections); show that two figures are congruent by finding a sequence of rigid
motion (translation, rotation, reflection, or motions that maps one figure to the other.
glide reflection) or, equivalently, a Example: AABC is congruent to AXYZ since a reflection followed by a translation maps
sequence of rigid motions that maps one AABC onto AXYZ.
figure to the other. 519 | et
Y(4,4)
4
C(-2,3) C'(2,3)
A(0,2)
Z(5,1)
2 0 2 ;(3‘0)4 6

25. Verify criteria for showing triangles are congruent using a sequence of rigid motions that map
one triangle to another.

a. Verify that two triangles are congruent if and only if corresponding pairs of sides and
corresponding pairs of angles are congruent.

b. Verify that two triangles are congruent if (but not only if) the following groups of
corresponding parts are congruent: angle-side-angle (ASA), side-angle-side (SAS), side-
side-side (SSS), and angle-angle-side (AAS).

Example: Given two triangles with two pairs of congruent corresponding sides and a
pair of congruent included angles, show that there must be a sequence of rigid motions
will map one onto the other.
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Showing that two figures are similar
involves finding a similarity transformation
(dilation or composite of a dilation with a
rigid motion) or, equivalently, a sequence
of similarity transformations that maps one
figure onto the other.

26. Verify experimentally the properties of dilations given by a center and a scale factor.
a. Verify that a dilation takes a line not passing through the center of the dilation to a
parallel line, and leaves a line passing through the center unchanged.
b. Verify that the dilation of a line segment is longer or shorter in the ratio given by the
scale factor.

27. Given two figures, determine whether they are similar by identifying a similarity
transformation (sequence of rigid motions and dilations) that maps one figure to the other.

28. Verify criteria for showing triangles are similar using a similarity transformation (sequence of
rigid motions and dilations) that maps one triangle to another.

a.  Verify that two triangles are similar if and only if corresponding pairs of sides are
proportional and corresponding pairs of angles are congruent.

b. Verify that two triangles are similar if (but not only if) two pairs of corresponding
angles are congruent (AA), the corresponding sides are proportional (SSS), or two pairs
of corresponding sides are proportional and the pair of included angles is congruent
(SAS).

Example: Given two triangles with two pairs of congruent corresponding sides and a
pair of congruent included angles, show there must be a set of rigid motions that maps
one onto the other.

Focus 3: Geometric Arguments, Reasoning, and Proof

Using technology to construct and explore
figures with constraints provides an
opportunity to explore the independence
and dependence of assumptions and
conjectures.

29. Find patterns and relationships in figures including lines, triangles, quadrilaterals, and circles,
using technology and other tools.
a. Construct figures, using technology and other tools, in order to make and test
conjectures about their properties.
b. Identify different sets of properties necessary to define and construct figures.

Proof is the means by which we
demonstrate whether a statement is true or
false mathematically, and proofs can be
communicated in a variety of ways (e.g.,
two-column, paragraph).

30. Develop and use precise definitions of figures such as angle, circle, perpendicular lines,
parallel lines, and line segment, based on the undefined notions of point, line, distance along a
line, and distance around a circular arc.
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31. Justify whether conjectures are true or false in order to prove theorems and then apply those
theorems in solving problems, communicating proofs in a variety of ways, including flow
chart, two-column, and paragraph formats.

a. Investigate, prove, and apply theorems about lines and angles, including but not limited
to: vertical angles are congruent; when a transversal crosses parallel lines, alternate
interior angles are congruent and corresponding angles are congruent; the points on the
perpendicular bisector of a line segment are those equidistant from the segment's
endpoints.

b. Investigate, prove, and apply theorems about triangles, including but not limited to: the
sum of the measures of the interior angles of a triangle is 180°; the base angles of
isosceles triangles are congruent; the segment joining the midpoints of two sides of a
triangle is parallel to the third side and half the length; a line parallel to one side of a
triangle divides the other two proportionally, and conversely; the Pythagorean Theorem
using triangle similarity.

c. Investigate, prove, and apply theorems about parallelograms and other quadrilaterals,
including but not limited to both necessary and sufficient conditions for parallelograms
and other quadrilaterals, as well as relationships among kinds of quadrilaterals.
Example: Prove that rectangles are parallelograms with congruent diagonals.

Proofs of theorems can sometimes be made | 32. Use coordinates to prove simple geometric theorems algebraically.
with transformations, coordinates, or
algebra; all approaches can be useful, and | 33. Prove the slope criteria for parallel and perpendicular lines and use them to solve geometric
in some cases one may provide a more problems.

accessible or understandable argument than Example: Find the equation of a line parallel or perpendicular to a given line that passes
another. through a given point.
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Focus 4: Solving Applied Problems and Modeling in Geometry

Recognizing congruence, similarity, 34. Use congruence and similarity criteria for triangles to solve problems in real-world contexts.
symmetry, measurement opportunities, and

other geometric ideas, including right 35. Discover and apply relationships in similar right triangles.

triangle trigonometry, in real-world a. Derive and apply the constant ratios of the sides in special right triangles (45°-45°-90°
contexts provides a means of building and 30°-60°-90°).

understanding of these concepts and is a b. Use similarity to explore and define basic trigonometric ratios, including sine ratio,
powerful tool for solving problems related cosine ratio, and tangent ratio.

to the physical world in which we live. Explain and use the relationship between the sine and cosine of complementary angles.
Demonstrate the converse of the Pythagorean Theorem.
e. Use trigonometric ratios and the Pythagorean Theorem to solve right triangles in applied

problems, including finding areas of regular polygons.

o o

36. Use geometric shapes, their measures, and their properties to model objects and use those
models to solve problems.

37. Investigate and apply relationships among inscribed angles, radii, and chords, including but
not limited to: the relationship between central, inscribed, and circumscribed angles; inscribed
angles on a diameter are right angles; the radius of a circle is perpendicular to the tangent
where the radius intersects the circle.

Experiencing the mathematical modeling 38. Use the mathematical modeling cycle involving geometric methods to solve design problems.

cycle in problems involving geometric Examples: Design an object or structure to satisfy physical constraints or minimize cost;
concepts, from the simplification of the work with typographic grid systems based on ratios; apply concepts of density based on area
real problem through the solving of the and volume.

simplified problem, the interpretation of its
solution, and the checking of the solution’s
feasibility, introduces geometric
techniques, tools, and points of view that
are valuable to problem-solving.
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Overview

Algebra I with Probability is a newly-designed course which builds upon algebraic concepts studied in the middle grades. It provides students with
the necessary knowledge of algebra and probability for use in everyday life and in the subsequent study of mathematics. This is one of three courses
required for all students. Students can obtain the essential content from this course either by taking the course after completing Geometry with Data
Analysis in Grade 9 or by completing the middle school accelerated pathway. Alternatively, students who did not take the accelerated pathway in
middle school may choose to accelerate in high school by taking Algebra | with Probability in Grade 9 along with Geometry with Data Analysis.

If students need additional support while taking Algebra | with Probability, schools are encouraged to offer a concurrent “lab course” to meet their
specific needs. The lab course might review prior knowledge needed for upcoming lessons, reinforce content from previous lessons, or preview
upcoming content to ensure that students can fully participate in the required class. Since the lab course does not cover additional mathematical
standards, students can receive only an elective credit for each lab course, not a mathematics credit. See further details on the lab courses in the High
School Overview. School systems will not offer Algebra I with Probability as “A” and “B” courses in which the content is spread over two courses.

Algebra | with Probability builds essential concepts necessary for students to meet their postsecondary goals (whether they pursue additional study or
enter the workforce), to function as effective citizens, and to recognize the wonder, joy, and beauty of mathematics (NCTM, 2018). Algebra is
important and useful in most careers. It is one of the most common and malleable types of mathematics, because it is valuable in a range of activities
from ordinary decision-making to advanced training in scientific and technological fields. The ability to understand and apply algebraic thinking is a
crucial stepping stone on a successful journey in life.

Algebra is a collection of unifying concepts that enable one to solve problems flexibly. The study of algebra is inextricably linked to the study of
functions, which are fundamental objects in mathematics that model many life situations involving change. This course provides experiences for
students to see how mathematics can be used systematically to represent patterns and relationships among numbers and other objects, analyze
change, and model everyday events and problems of life and society.

Algebra I with Probability emphasizes functions including linear (as introduced in Grades 7 and 8), absolute value, quadratic, and exponential; and
functions as explicit (relation between input and output) and recursive (relation between successive values). Properties of algebra are applied to
convert between forms of expressions and to solve equations (factoring, completing the square, rules of powers, and radicals).

Graphing is an important component of study in Algebra | with Probability. Graphs of equations and inequalities consist of all points (discrete or
continuous) whose ordered pairs satisfy the relationship within the domain and range. Students find points of intersection between two graphed
functions that correspond to the solutions of the equations of the two functions, and transform graphs of functions (through translation, reflection,
rotation, and dilation) by performing operations on the input or output.
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Probability is important because it educates one in the logic of uncertainty and randomness, which occur in almost every aspect of daily life.
Therefore, studying probability structures will enhance students’ ability to organize information and improve decision-making. The study of
probability undergirds the understanding of ratio and proportion in algebra and encourages inferential reasoning about the likelihood of real-life
events. Categorical data are represented as marginal and conditional distributions. Parallels are drawn between conditions and events in probability
and inputs and outputs of functions.

A focus on mathematical modeling and real-world statistical problem-solving is included across the course; see Appendix E for more information on
the modeling cycles for mathematics and statistics. It is essential for students to use technology and other mathematical tools such as graphing
calculators, online graphing software, and spreadsheets to explore functions, equations, and probability.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be incorporated across
all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

The standards indicating what students should know or be able to do are listed in the right columns of the content area tables. The essential concepts
are described in the left columns of the content area tables. In some cases, focus areas are indicated within the tables. Only those focus areas which
are appropriate for this course are included.

Statements in bold print indicate the scope of the standard and align the standard to related content in other courses. The full scope of every standard
should be addressed during instruction.
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Algebra I with Probability Content Standards

Each content standard completes the stem ““Students will...”

Number and Quantity
Together, irrational numbers and rational 1. Explain how the meaning of rational exponents follows from extending the properties of
numbers complete the real number system, integer exponents to those values, allowing for an additional notation for radicals using
representing all points on the number line, rational exponents.
while there exist numbers beyond the real
numbers called complex numbers. 2. Rewrite expressions involving radicals and rational exponents using the properties of
exponents.
3. Define the imaginary number i such that i = -1.
Algebra and Functions

Focus 1: Algebra
Expressions can be rewritten in equivalent | 4. Interpret linear, quadratic, and exponential expressions in terms of a context by viewing one or

forms by using algebraic properties, more of their parts as a single entity.
including properties of addition, Example: Interpret the accrued amount of investment P(1 + r)', where P is the principal and r
multiplication, and exponentiation, to make is the interest rate, as the product of P and a factor depending on time t.

different characteristics or features visible.
5. Use the structure of an expression to identify ways to rewrite it.
Example: See x* - y* as (x?)? - (y?)?, thus recognizing it as a difference of squares that can be
factored as (x? - y2)(x2 + y?).
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6. Choose and produce an equivalent form of an expression to reveal and explain properties of
the quantity represented by the expression.

a. Factor quadratic expressions with leading coefficients of one, and use the factored form
to reveal the zeros of the function it defines.

b. Use the vertex form of a quadratic expression to reveal the maximum or minimum value
and the axis of symmetry of the function it defines; complete the square to find the vertex
form of quadratics with a leading coefficient of one.

c. Use the properties of exponents to transform expressions for exponential functions.
Example: Identify percent rate of change in functions such asy = (1.02), y = (0.97), y
= (1.01)*, y = (1.2)"1° and classify them as representing exponential growth or decay.

7. Add, subtract, and multiply polynomials, showing that polynomials form a system analogous
to the integers, namely, they are closed under the operations of addition, subtraction, and
multiplication.

Finding solutions to an equation, inequality,
or system of equations or inequalities
requires the checking of candidate
solutions, whether generated analytically or
graphically, to ensure that solutions are
found and that those found are not
extraneous.

8. Explain why extraneous solutions to an equation involving absolute values may arise and how

to check to be sure that a candidate solution satisfies an equation.

The structure of an equation or inequality
(including, but not limited to, one-variable
linear and quadratic equations, inequalities,
and systems of linear equations in two
variables) can be purposefully analyzed
(with and without technology) to determine
an efficient strategy to find a solution, if
one exists, and then to justify the solution.

9. Select an appropriate method to solve a quadratic equation in one variable.

a. Use the method of completing the square to transform any quadratic equation in x into an
equation of the form (x — p)? = q that has the same solutions. Explain how the quadratic
formula is derived from this form.

b. Solve quadratic equations by inspection (such as x? = 49), taking square roots,
completing the square, the quadratic formula, and factoring, as appropriate to the initial
form of the equation, and recognize that some solutions may not be real.
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10. Select an appropriate method to solve a system of two linear equations in two variables.

a. Solve a system of two equations in two variables by using linear combinations; contrast
situations in which use of linear combinations is more efficient with those in which
substitution is more efficient.

b. Contrast solutions to a system of two linear equations in two variables produced by
algebraic methods with graphical and tabular methods.

Expressions, equations, and inequalities can | 11. Create equations and inequalities in one variable and use them to solve problems in context,

be used to analyze and make predictions, either exactly or approximately. Extend from contexts arising from linear functions to

both within mathematics and as those involving quadratic, exponential, and absolute value functions.

mathematics is applied in different contexts

— in particular, contexts that arise in relation | 12. Create equations in two or more variables to represent relationships between quantities in

to linear, quadratic, and exponential context; graph equations on coordinate axes with labels and scales and use them to make

situations. predictions. Limit to contexts arising from linear, quadratic, exponential, absolute value,
and linear piecewise functions.

13. Represent constraints by equations and/or inequalities, and solve systems of equations and/or
inequalities, interpreting solutions as viable or nonviable options in a modeling context. Limit
to contexts arising from linear, quadratic, exponential, absolute value, and linear
piecewise functions.

Focus 2: Connecting Algebra to Functions
Functions shift the emphasis from a point- 14. Given a relation defined by an equation in two variables, identify the graph of the relation as

by-point relationship between two variables
(input/output) to considering an entire set of
ordered pairs (where each first element is
paired with exactly one second element) as
an entity with its own features and
characteristics.

the set of all its solutions plotted in the coordinate plane. Note: The graph of a relation often
forms a curve (which could be a line).
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15. Define a function as a mapping from one set (called the domain) to another set (called the
range) that assigns to each element of the domain exactly one element of the range.

a.  Use function notation, evaluate functions for inputs in their domains, and interpret
statements that use function notation in terms of a context. Note: If f is a function and x
is an element of its domain, then f(x) denotes the output of f corresponding to the
input Xx.

b. Relate the domain of a function to its graph and, where applicable, to the quantitative
relationship it describes. Limit to linear, quadratic, exponential, and absolute value
functions.

16. Compare and contrast relations and functions represented by equations, graphs, or tables that
show related values; determine whether a relation is a function. Explain that a function f is a
special kind of relation defined by the equation y = f(x).

17. Combine different types of standard functions to write, evaluate, and interpret functions in
context. Limit to linear, quadratic, exponential, and absolute value functions.

a. Use arithmetic operations to combine different types of standard functions to write and
evaluate functions.
Example: Given two functions, one representing flow rate of water and the other
representing evaporation of that water, combine the two functions to determine the
amount of water in a container at a given time.

b. Use function composition to combine different types of standard functions to write and
evaluate functions.
Example: Given the following relationships, determine what the expression S(T(t))

represents.
Function Input Output
G Amount of studying: s Grade in course: G(s)
S Grade in course: g Amount of screen time: S(g)
T Amount of screen time: t | Number of followers: T(t)
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Graphs can be used to obtain exact or 18. Solve systems consisting of linear and/or quadratic equations in two variables graphically,
approximate solutions of equations, using technology where appropriate.

inequalities, and systems of equations and

inequalities — including systems of linear 19. Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y =
equations in two variables and systems of g(x) intersect are the solutions of the equation f(x) = g(x).

linear and quadratic equations (given or a. Find the approximate solutions of an equation graphically, using tables of values, or
obtained by using technology). finding successive approximations, using technology where appropriate. Note: Include

cases where f(x) is a linear, quadratic, exponential, or absolute value function and g(x)
is constant or linear.

20. Graph the solutions to a linear inequality in two variables as a half-plane (excluding the
boundary in the case of a strict inequality), and graph the solution set to a system of linear
inequalities in two variables as the intersection of the corresponding half-planes, using
technology where appropriate.

Focus 3: Functions

Functions can be described by using a 21. Compare properties of two functions, each represented in a different way (algebraically,
variety of representations: mapping graphically, numerically in tables, or by verbal descriptions). Extend from linear to
diagrams, function notation (e.g., f(x) = x?), guadratic, exponential, absolute value, and general piecewise.

recursive definitions, tables, and graphs.
22. Define sequences as functions, including recursive definitions, whose domain is a subset of the

integers.

a.  Write explicit and recursive formulas for arithmetic and geometric sequences and
connect them to linear and exponential functions.
Example: A sequence with constant growth will be a linear function, while a sequence
with proportional growth will be an exponential function.

Functions that are members of the same 23. ldentify the effect on the graph of replacing f(x) by f(x) + k, k - f(x), f(k - x), and

family have distinguishing attributes f (x + k) for specific values of k (both positive and negative); find the value of k given the

(structure) common to all functions within graphs. Experiment with cases and explain the effects on the graph, using technology as

that family. appropriate. Limit to linear, quadratic, exponential, absolute value, and linear piecewise
functions.
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24. Distinguish between situations that can be modeled with linear functions and those that can be
modeled with exponential functions.

a.  Show that linear functions grow by equal differences over equal intervals, while
exponential functions grow by equal factors over equal intervals.

b. Define linear functions to represent situations in which one quantity changes at a
constant rate per unit interval relative to another.

c. Define exponential functions to represent situations in which a quantity grows or decays
by a constant percent rate per unit interval relative to another.

25. Construct linear and exponential functions, including arithmetic and geometric sequences,
given a graph, a description of a relationship, or two input-output pairs (include reading these
from a table).

26. Use graphs and tables to show that a quantity increasing exponentially eventually exceeds a
quantity increasing linearly or quadratically.

27. Interpret the parameters of functions in terms of a context. Extend from linear functions,
written in the form mx + b, to exponential functions, written in the form ab*.
Example: If the function V(t) = 19885(0.75)" describes the value of a car after it has been
owned for t years, 19885 represents the purchase price of the car whent = 0, and 0.75
represents the annual rate at which its value decreases.

Functions can be represented graphically
and key features of the graphs, including
zeros, intercepts, and, when relevant, rate of
change and maximum/minimum values, can
be associated with and interpreted in terms
of the equivalent symbolic representation.

28. For a function that models a relationship between two quantities, interpret key features of
graphs and tables in terms of the quantities, and sketch graphs showing key features given a
verbal description of the relationship. Note: Key features include: intercepts; intervals where
the function is increasing, decreasing, positive, or negative; maximums and minimums;
symmetries; and end behavior. Extend from relationships that can be represented by
linear functions to quadratic, exponential, absolute value, and linear piecewise functions.

29. Calculate and interpret the average rate of change of a function (presented symbolically or as a

table) over a specified interval. Estimate the rate of change from a graph. Limit to linear,
guadratic, exponential, and absolute value functions.
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30. Graph functions expressed symbolically and show key features of the graph, by hand in simple
cases and using technology for more complicated cases.
a. Graph linear and quadratic functions and show intercepts, maxima, and minima.
b. Graph piecewise-defined functions, including step functions and absolute value
functions.
c. Graph exponential functions, showing intercepts and end behavior.

Functions model a wide variety of real 31. Use the mathematical modeling cycle to solve real-world problems involving linear, quadratic,
situations and can help students understand exponential, absolute value, and linear piecewise functions.

the processes of making and changing
assumptions, assigning variables, and
finding solutions to contextual problems.

Data Analysis, Statistics, and Probability

Focus 1: Quantitative Literacy

Mathematical and statistical reasoning 32. Use mathematical and statistical reasoning with bivariate categorical data in order to draw
about data can be used to evaluate conclusions and assess risk.
conclusions and assess risks. Example: In a clinical trial comparing the effectiveness of flu shots A and B, 21 subjects in

treatment group A avoided getting the flu while 29 contracted it. In group B, 12 avoided the flu
while 13 contracted it. Discuss which flu shot appears to be more effective in reducing the
chances of contracting the flu.

Possible answer: Even though more people in group A avoided the flu than in group B, the
proportion of people avoiding the flu in group B is greater than the proportion in group A,
which suggests that treatment B may be more effective in lowering the risk of getting the flu.

Contracted Flu Did Not Contract Flu
Flu Shot A 29 21
Flu Shot B 13 12
Total 42 33
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Making and defending informed, data-
based decisions is a characteristic of a
quantitatively literate person.

33

. Design and carry out an investigation to determine whether there appears to be an association
between two categorical variables, and write a persuasive argument based on the results of the
investigation.

Example: Investigate whether there appears to be an association between successfully
completing a task in a given length of time and listening to music while attempting the task.
Randomly assign some students to listen to music while attempting to complete the task and
others to complete the task without listening to music. Discuss whether students should listen to
music while studying, based on that analysis.

Focus 2: Visualizing and Summarizing Data

Data arise from a context and come in two
types: quantitative (continuous or discrete)
and categorical. Technology can be used to
“clean” and organize data, including very
large data sets, into a useful and
manageable structure—a first step in any
analysis of data.

34.

Distinguish between quantitative and categorical data and between the techniques that may be
used for analyzing data of these two types.

Example: The color of cars is categorical and so is summarized by frequency and proportion

for each color category, while the mileage on each car’s odometer is quantitative and can be

summarized by the mean.

The association between two categorical
variables is typically represented by using
two-way tables and segmented bar graphs.

35. Analyze the possible association between two categorical variables.

a. Summarize categorical data for two categories in two-way frequency tables and represent
using segmented bar graphs.

b. Interpret relative frequencies in the context of categorical data (including joint, marginal,
and conditional relative frequencies).

c. ldentify possible associations and trends in categorical data.
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Data analysis techniques can be used to
develop models of contextual situations
and to generate and evaluate possible
solutions to real problems involving those
contexts.

36. Generate a two-way categorical table in order to find and evaluate solutions to real-world

problems.

a. Aggregate data from several groups to find an overall association between two categorical
variables.

b. Recognize and explore situations where the association between two categorical variables
is reversed when a third variable is considered (Simpson's Paradox).
Example: In a certain city, Hospital 1 has a higher fatality rate than Hospital 2. But when
considering mildly-injured patients and severely-injured patients as separate groups,
Hospital 1 has a lower fatality rate among both groups than Hospital 2, since Hospital 1
is a Level 1 Trauma Center. Thus, Hospital 1 receives most of the severely injured
patients who are less likely to survive overall but have a better chance of surviving in
Hospital 1 than they would in Hospital 2.

Focus 3: Statistical Inference (Note: There are no Algebra I with Probability standards in Focus 3)

Focus 4: Probability

Two events are independent if the
occurrence of one event does not affect the
probability of the other event. Determining
whether two events are independent can be
used for finding and understanding
probabilities.

37. Describe events as subsets of a sample space (the set of outcomes) using characteristics (or
categories) of the outcomes, or as unions, intersections, or complements of other events ("or,"
"and,"” "not").

38. Explain whether two events, A and B, are independent, using two-way tables or tree diagrams.

Conditional probabilities — that is, those
probabilities that are “conditioned” by
some known information — can be
computed from data organized in
contingency tables. Conditions or
assumptions may affect the computation of
a probability.

39. Compute the conditional probability of event A given event B, using two-way tables or tree
diagrams.

40. Recognize and describe the concepts of conditional probability and independence in everyday
situations and explain them using everyday language.
Example: Contrast the chance of having lung cancer if you are a smoker with the chance of
being a smoker if you have lung cancer.

41. Explain why the conditional probability of A given B is the fraction of B's outcomes that also
belong to A, and interpret the answer in context.
Example: the probability of drawing a king from a deck of cards, given that it is a face card, is

4/52 . .1
/ , which is =
12/52 3
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Overview

Algebra Il with Statistics is a newly-designed course which builds on the students’ experiences in previous mathematics coursework. It is the third of
three required courses, and it is to be taken following the successful completion of Geometry with Data Analysis and either Algebra | with
Probability or the middle school accelerated sequence. It is the culmination of the three years of required mathematics content and sets the stage for
continued study of topics specific to the student’s interests and plans beyond high school.

If students need additional support while taking Algebra 11 with Statistics, schools are encouraged to offer a concurrent “lab course” to meet their
specific needs. The lab course might review prior knowledge needed for upcoming lessons, reinforce content from previous lessons, or preview
upcoming content to ensure students can fully participate and succeed in the course. Since the lab course does not cover additional mathematical
standards, students can receive only an elective credit for each lab course, not a mathematics credit. See further details on the lab courses in the High
School Overview.

Algebra 11 with Statistics builds essential concepts necessary for students to meet their postsecondary goals (whether they pursue additional study or
enter the workforce), function as effective citizens, and recognize the wonder, joy, and beauty of mathematics (NCTM, 2018). In particular, it builds
foundational knowledge of algebra and functions needed for students to take the specialized courses which follow it. This course also focuses on
inferential statistics, which allows students to draw conclusions about populations and cause-and-effect based on random samples and controlled
experiments.

In Algebra 11 with Statistics, students incorporate knowledge and skills from several mathematics content areas, leading to a deeper understanding of
fundamental relationships within the discipline and building a solid foundation for further study. In the content area of Algebra and Functions,
students explore an expanded range of functions, including polynomial, trigonometric (specifically sine and cosine), logarithmic, reciprocal, radical,
and general piecewise functions. Students also solve equations associated with these classes of functions. In the content area of Data Analysis,
Statistics, and Probability, students learn how to make inferences about a population from a random sample drawn from the population and how to
analyze cause-and-effect by conducting randomized experiments. Students are introduced to the study of matrices in the Number and Quantity
content area.

A focus on mathematical modeling and real-world statistical problem-solving is included across the course; see Appendix E for more information on
the modeling cycles for mathematics and statistics. It is essential for students to use technology and other mathematical tools such as graphing
calculators, online graphing software, and spreadsheets to explore functions, equations, and analyze data.
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The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both within the classroom and in life. The Student Mathematical Practices are standards to be incorporated across all
grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

The standards indicating what students should know or be able to do by the end of the course are listed in the right columns of the content area tables.
The essential concepts are described in the left columns of the content area tables. In some cases, focus areas are indicated within the tables. Only
those focus areas which are appropriate for this course are included.

Statements in bold print indicate the scope of the standard and align the standard to related content in other courses. The full scope of every standard
should be addressed during instruction.
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Algebra I with Statistics Content Standards

Each content standard completes the stem ““Students will...”

Number and Quantity

Together, irrational numbers and rational 1. Identify numbers written in the form a + bi, where a and b are real numbers and i = -1, as
numbers complete the real number system, complex numbers.

representing all points on the number line, a. Add, subtract, and multiply complex numbers using the commutative, associative, and
while there exist numbers beyond the real distributive properties.

numbers called complex numbers.

Matrices are a useful way to represent 2. Use matrices to represent and manipulate data.

information.

3. Multiply matrices by scalars to produce new matrices.
4. Add, subtract, and multiply matrices of appropriate dimensions.

5. Describe the roles that zero and identity matrices play in matrix addition and multiplication,
recognizing that they are similar to the roles of 0 and 1 in the real numbers.
a. Find the additive and multiplicative inverses of square matrices, using technology as
appropriate.
b. Explain the role of the determinant in determining if a square matrix has a multiplicative
inverse.
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Algebra and Functions

Focus 1: Algebra

Expressions can be rewritten in equivalent 6. Factor polynomials using common factoring techniques, and use the factored form of a
forms by using algebraic properties, including polynomial to reveal the zeros of the function it defines.
properties of addition, multiplication, and
exponentiation, to make different 7. Prove polynomial identities and use them to describe numerical relationships.
characteristics or features visible. Example: The polynomial identity 1 —x" = (1 = X)(1 + X + X2+ x3 + ... + x™ + x" can be
used to find the sum of the first n terms of a geometric sequence with common ratio x by
dividing both sides of the identity by (1 - x).
Finding solutions to an equation, inequality, | 8. Explain why extraneous solutions to an equation may arise and how to check to be sure that a
or system of equations or inequalities requires candidate solution satisfies an equation. Extend to radical equations.
the checking of candidate solutions, whether
generated analytically or graphically, to
ensure that solutions are found and that those
found are not extraneous.
The structure of an equation or inequality 9. For exponential models, express as a logarithm the solution to ab® = d, where a, ¢, and d are
(including, but not limited to, one-variable real numbers and the base b is 2 or 10; evaluate the logarithm using technology to solve an
linear and quadratic equations, inequalities, exponential equation.
and systems of linear equations in two
variables) can be purposefully analyzed (with
and without technology) to determine an
efficient strategy to find a solution, if one
exists, and then to justify the solution.
Expressions, equations, and inequalities can | 10. Create equations and inequalities in one variable and use them to solve problems. Extend to
be used to analyze and make predictions, both equations arising from polynomial, trigonometric (sine and cosine), logarithmic, radical,
within mathematics and as mathematics is and general piecewise functions.
applied in different contexts—in particular,
contexts that arise in relation to linear, 11. Solve quadratic equations with real coefficients that have complex solutions.
quadratic, and exponential situations.
12. Solve simple equations involving exponential, radical, logarithmic, and trigonometric

functions using inverse functions.
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13.

Create equations in two or more variables to represent relationships between quantities; graph

equations on coordinate axes with labels and scales and use them to make predictions. Extend

to polynomial, trigonometric (sine and cosine), logarithmic, reciprocal, radical, and
general piecewise functions.

Focus 2: Connecting Algebra to Functions

Graphs can be used to obtain exact or
approximate solutions of equations,
inequalities, and systems of equations and
inequalities—including systems of linear
equations in two variables and systems of
linear and quadratic equations (given or
obtained by using technology).

14.

Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and
y = g(x) intersect are the solutions of the equation f(x) = g(x).

a. Find the approximate solutions of an equation graphically, using tables of values, or
finding successive approximations, using technology where appropriate. Extend to
cases where f(x) and/or g(x) are polynomial, trigonometric (sine and cosine),
logarithmic, radical, and general piecewise functions.

Focus 3: Functions

Functions can be described by using a variety
of representations: mapping diagrams,
function notation (e.g., f(x) = x?), recursive
definitions, tables, and graphs.

15.

Compare properties of two functions each represented in a different way (algebraically,
graphically, numerically in tables, or by verbal descriptions). Extend to polynomial,
trigonometric (sine and cosine), logarithmic, radical, and general piecewise functions.

Functions that are members of the same
family have distinguishing attributes
(structure) common to all functions within
that family.

16.

Identify the effect on the graph of replacing f(x) by f(x) + k, k - f(x), f(k - x), and

f(x + k) for specific values of k (both positive and negative); find the value of k given the
graphs. Experiment with cases and illustrate an explanation of the effects on the graph using
technology. Extend to polynomial, trigonometric (sine and cosine), logarithmic,
reciprocal, radical, and general piecewise functions.
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Functions can be represented graphically, and
key features of the graphs, including zeros,
intercepts, and, when relevant, rate of change
and maximum/minimum values, can be
associated with and interpreted in terms of the
equivalent symbolic representation.

17.

18.

19.

20.

For a function that models a relationship between two quantities, interpret key features of
graphs and tables in terms of the quantities, and sketch graphs showing key features given a
verbal description of the relationship. Note: Key features include intercepts; intervals where
the function is increasing, decreasing, positive, or negative; maximums and minimums;
symmetries (including even and odd); end behavior; and periodicity. Extend to polynomial,
trigonometric (sine and cosine), logarithmic, reciprocal, radical, and general piecewise
functions.

Relate the domain of a function to its graph and, where applicable, to the quantitative
relationship it describes. Extend to polynomial, trigonometric (sine and cosine),
logarithmic, reciprocal, radical, and general piecewise functions.

Calculate and interpret the average rate of change of a function (presented symbolically or as
a table) over a specified interval. Estimate the rate of change from a graph. Extend to
polynomial, trigonometric (sine and cosine), logarithmic, reciprocal, radical, and general
piecewise functions.

Graph functions expressed symbolically and show key features of the graph, by hand in
simple cases and using technology for more complicated cases. Extend to polynomial,
trigonometric (sine and cosine), logarithmic, reciprocal, radical, and general piecewise
functions.
a. Graph polynomial functions expressed symbolically, identifying zeros when suitable
factorizations are available, and showing end behavior.
b. Graph sine and cosine functions expressed symbolically, showing period, midline, and

amplitude.

c. Graph logarithmic functions expressed symbolically, showing intercepts and end
behavior.

d. Graph reciprocal functions expressed symbolically, identifying horizontal and vertical
asymptotes.

e. Graph square root and cube root functions expressed symbolically.

f.  Compare the graphs of inverse functions and the relationships between their key
features, including but not limited to quadratic, square root, exponential, and logarithmic
functions.
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21. Explain how the unit circle in the coordinate plane enables the extension of trigonometric
functions to all real numbers, interpreted as radian measures of angles traversed
counterclockwise around the unit circle, building on work with non-right triangle
trigonometry.

Functions model a wide variety of real
situations and can help students understand
the processes of making and changing
assumptions, assigning variables, and finding
solutions to contextual problems.

22. Use the mathematical modeling cycle to solve real-world problems involving polynomial,
trigonometric (sine and cosine), logarithmic, radical, and general piecewise functions, from
the simplification of the problem through the solving of the simplified problem, the
interpretation of its solution, and the checking of the solution’s feasibility.

Data Analysis, Statistics, and Probability

Focus 1: Quantitative Literacy

Mathematical and statistical reasoning about
data can be used to evaluate conclusions and
assess risks.

23. Use mathematical and statistical reasoning about normal distributions to draw conclusions and
assess risk; limit to informal arguments.
Example: If candidate A is leading candidate B by 2% in a poll which has a margin of error
of less than 3%, should we be surprised if candidate B wins the election?

Making and defending informed data-based
decisions is a characteristic of a quantitatively
literate person.

24. Design and carry out an experiment or survey to answer a question of interest, and write an
informal persuasive argument based on the results.
Example: Use the statistical problem-solving cycle to answer the question, “Is there an
association between playing a musical instrument and doing well in mathematics?”’
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Focus 2: Visualizing and Summarizing Data

Distributions of quantitative data (continuous
or discrete) in one variable should be
described in the context of the data with
respect to what is typical (the shape, with
appropriate measures of center and
variability, including standard deviation) and
what is not (outliers), and these
characteristics can be used to compare two or
more subgroups with respect to a variable.

25. From a normal distribution, use technology to find the mean and standard deviation and
estimate population percentages by applying the empirical rule.

a. Use technology to determine if a given set of data is normal by applying the empirical
rule.

b. Estimate areas under a normal curve to solve problems in context, using calculators,
spreadsheets, and tables as appropriate.

Focus 3: Statistical Inference

Study designs are of three main types:
sample survey, experiment, and observational
study.

26. Describe the purposes of and differences among sample surveys, experiments, and
observational studies; explain how randomization relates to each.
Examples: random assignment in experiments, random selection in surveys and observational
studies

The role of randomization is different in
randomly selecting samples and in randomly
assigning subjects to experimental treatment
groups.

27. Distinguish between a statistic and a parameter and use statistical processes to make
inferences about population parameters based on statistics from random samples from that
population.

28. Describe differences between randomly selecting samples and randomly assigning subjects to
experimental treatment groups in terms of inferences drawn regarding a population versus
regarding cause and effect.

Example: Data from a group of plants randomly selected from a field allows inference
regarding the rest of the plants in the field, while randomly assigning each plant to one of two
treatments allows inference regarding differences in the effects of the two treatments. If the
plants were both randomly selected and randomly assigned, we can infer that the difference in
effects of the two treatments would also be observed when applied to the rest of the plants in
the field.
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The scope and validity of statistical 29. Explain the consequences, due to uncontrolled variables, of non-randomized assignment of
inferences are dependent on the role of subjects to groups in experiments.
randomization in the study design. Example: Students are studying whether or not listening to music while completing

mathematics homework improves their quiz scores. Rather than assigning students to either
listen to music or not at random, they simply observe what the students do on their own and
find that the music-listening group has a higher mean quiz score. Can they conclude that
listening to music while studying is likely to raise the quiz scores of students who do not
already listen to music? What other factors may have been responsible for the observed
difference in mean quiz scores?

Bias, such as sampling, response, or 30. Evaluate where bias, including sampling, response, or nonresponse bias, may occur in
nonresponse bias, may occur in surveys, surveys, and whether results are representative of the population of interest.

yielding results that are not representative of Example: Selecting students eating lunch in the cafeteria to participate in a survey may not
the population of interest. accurately represent the student body, as students who do not eat in the cafeteria may not be

accounted for and may have different opinions, or students may not respond honestly to
questions that may be embarrassing, such as how much time they spend on homework.

The larger the sample size, the less the 31. Evaluate the effect of sample size on the expected variability in the sampling distribution of a
expected variability in the sampling sample statistic.
distribution of a sample statistic. a. Simulate a sampling distribution of sample means from a population with a known

distribution, observing the effect of the sample size on the variability.

b. Demonstrate that the standard deviation of each simulated sampling distribution is the
known standard deviation of the population divided by the square root of the sample
size.

The sampling distribution of a sample statistic| 32. Produce a sampling distribution by repeatedly selecting samples of the same size from a given

formed from repeated samples for a given population or from a population simulated by bootstrapping (resampling with replacement
sample size drawn from a population can be from an observed sample). Do initial examples by hand, then use technology to generate a
used to identify typical behavior for that large number of samples.

statistic. Examining several such sampling a. Verify that a sampling distribution is centered at the population mean and approximately
distributions leads to estimating a set of normal if the sample size is large enough.

plausible values for the population parameter, b. Verify that 95% of sample means are within two standard deviations of the sampling
using the margin of error as a measure that distribution from the population mean.

describes the sampling variability. c. Create and interpret a 95% confidence interval based on an observed mean from a

sampling distribution.
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33. Use data from a randomized experiment to compare two treatments; limit to informal use of
simulations to decide if an observed difference in the responses of the two treatment groups
is unlikely to have occurred due to randomization alone, thus implying that the difference
between the treatment groups is meaningful.
Example: Fifteen students are randomly assigned to a treatment group that listens to music
while completing mathematics homework and another 15 are assigned to a control group that
does not, and their means on the next quiz are found to be different. To test whether the
differences seem significant, all the scores from the two groups are placed on index cards and
repeatedly shuffled into two new groups of 15 each, each time recording the difference in the
means of the two groups. The differences in means of the treatment and control groups are
then compared to the differences in means of the mixed groups to see how likely it is to occur.

Geometry and Measurement

Focus 1: Measurement

When an object is the image of a known 34. Define the radian measure of an angle as the constant of proportionality of the length of an arc
object under a similarity transformation, a it intercepts to the radius of the circle; in particular, it is the length of the arc intercepted on
length, area, or volume on the image can be the unit circle.

computed by using proportional relationships.

Focus 2: Transformations (Note: There are no Algebra Il with Statistics standards in Focus 2)

Focus 3: Geometric Argument, Reasoning, and Proof (Note: There are no Algebra Il with Statistics standards in Focus 3)

Focus 4: Solving Applied Problems and Modeling in Geometry

Recognizing congruence, similarity, 35. Choose trigonometric functions (sine and cosine) to model periodic phenomena with specified
symmetry, measurement opportunities, and amplitude, frequency, and midline.

other geometric ideas, including right triangle
trigonometry in real-world contexts, provides | 36. Prove the Pythagorean identity sin? (6) + cos? (6) = 1 and use it to calculate trigonometric
a means of building understanding of these ratios.

concepts and is a powerful tool for solving
problems related to the physical world in
which we live.

37. Derive and apply the formula A = %2-ab-sin(C) for the area of a triangle by drawing an
auxiliary line from a vertex perpendicular to the opposite side, extending the domain of sine to
include right and obtuse angles.
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38. Derive and apply the Law of Sines and the Law of Cosines to find unknown measurements in
right and non-right triangles. Extend the domain of sine and cosine to include right and

obtuse angles.
Examples: surveying problems, resultant forces
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Overview

Mathematical Modeling is a newly-designed, specialized mathematics course developed to expand on and reinforce the concepts introduced in
Geometry with Data Analysis, Algebra | with Probability, and Algebra Il with Statistics by applying them in the context of mathematical modeling to
represent and analyze data and make predictions regarding real-world phenomena. Mathematical Modeling is designed to engage students in doing,
thinking about, and discussing mathematics, statistics, and modeling in everyday life. It allows students to experience mathematics and its
applications in a variety of ways that promote financial literacy and data-based decision-making skills. This course also provides a solid foundation
for students who are entering a range of fields involving quantitative reasoning, whether or not they require calculus.

In this course, students explore decision-making for financial planning and management, design in three dimensions, interpreting statistical studies,
and creating functions to model change in the environment and society. Measurements are taken from the real world, and technology is used
extensively for computation, with an emphasis on students’ interpretation and explanation of results in context. Students will develop and use both
the Mathematical Modeling Cycle and the Statistical Problem-Solving Cycle, found in Appendix E, in this specialized course to further develop
authentic decision-making skills.

It is essential for students to use technology and other mathematical tools such as graphing calculators, online graphing software, and spreadsheets to
explore application-based, real-world problems; to develop their mathematical decision-making skills; and to increase precision in complex
calculations throughout the mathematical modeling process.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be incorporated across
all grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

The standards in this course extend beyond the essential concepts described in the overview. The standards indicating what students should know or
be able to do are listed in the right columns of the content area tables below. Important topics within these content areas are described in the left
columns.
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Mathematical Modeling Content Standards

Each content standard completes the stem ““Students will...”

Modeling

Mathematical modeling and statistical 1. Use the full Mathematical Modeling Cycle or Statistical Problem-Solving Cycle to answer a
problem-solving are extensive, cyclical real-world problem of particular student interest, incorporating standards from across the
processes that can be used to answer course.

significant real-world problems. Examples: Use a mathematical model to design a three-dimensional structure and

determine whether particular design constraints are met; to decide under what conditions
the purchase of an electric vehicle will save money; to predict the extent to which the level
of the ocean will rise due to the melting polar ice caps; or to interpret the claims of a
statistical study regarding the economy.

Financial Planning and Management
Mathematical models involving growth and | 2. Use elements of the Mathematical Modeling Cycle to solve real-world problems involving

decay are useful in solving real-world finances.

problems involving borrowing and investing;

spreadsheets are a frequently-used and 3. Organize and display financial information using arithmetic sequences to represent simple
powerful tool to assist with modeling interest and straight-line depreciation.

financial situations.
4. Organize and display financial information using geometric sequences to represent
compound interest and proportional depreciation, including periodic (yearly, monthly,
weekly) and continuous compounding.
a. Explain the relationship between annual percentage yield (APY) and annual
percentage rate (APR) as values for r in the formulas A=P(1+r)'and A=Pe".

5. Compare simple and compound interest, and straight-line and proportional depreciation.
6. Investigate growth and reduction of credit card debt using spreadsheets, including variables

such as beginning balance, payment structures, credits, interest rates, new purchases,
finance charges, and fees.
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Compare and contrast housing finance options including renting, leasing to purchase,
purchasing with a mortgage, and purchasing with cash.

a.
b.

Research and evaluate various mortgage products available to consumers.
Compare monthly mortgage payments for different terms, interest rates, and down
payments.

Analyze the financial consequence of buying a home (mortgage payments vs.
potentially increasing resale value) versus investing the money saved when renting,
assuming that renting is the less expensive option.

Investigate the advantages and disadvantages of various means of paying for an automobile,
including leasing, purchasing by cash, and purchasing by loan.

Design in Three Dimensions

Two- and three-dimensional representations,
coordinates systems, geometric
transformations, and scale models are useful
tools in planning, designing, and
constructing solutions to real-world
problems.

10.

Use the Mathematical Modeling Cycle to solve real-world problems involving the design of
three-dimensional objects.

Construct a two-dimensional visual representation of a three-dimensional object or
structure.

a.

Determine the level of precision and the appropriate tools for taking the measurements
in constructing a two-dimensional visual representation of a three-dimensional object
or structure.

Create an elevation drawing to represent a given solid structure, using technology
where appropriate.

Determine which measurements cannot be taken directly and must be calculated based
on other measurements when constructing a two-dimensional visual representation of
a three-dimensional object or structure.

Determine an appropriate means to visually represent an object or structure, such as
drawings on paper or graphics on computer screens.
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11. Plot coordinates on a three-dimensional Cartesian coordinate system and use relationships
between coordinates to solve design problems.

a. Describe the features of a three-dimensional Cartesian coordinate system and use them
to graph points.

b. Graph a point in space as the vertex of a right prism drawn in the appropriate octant
with edges along the x, y, and z axes.

c. Find the distance between two objects in space given the coordinates of each.
Examples: Determine whether two aircraft are flying far enough apart to be safe;
find how long a zipline cable would need to be to connect two platforms at different
heights on two trees.

d. Find the midpoint between two objects in space given the coordinates of each.
Example: If two asteroids in space are traveling toward each other at the same speed,
find where they will collide.

12. Use technology and other tools to explore the results of simple transformations using three-
dimensional coordinates, including translations in the X, y, and/or z directions; rotations of
90°, 180°, or 270° about the X, y, and z axes; reflections over the xy, yz, and xy planes; and
dilations from the origin.

Example: Given the coordinates of the corners of a room in a house, find the coordinates of
the same room facing a different direction.

13. Create a scale model of a complex three-dimensional structure based on observed
measurements and indirect measurements, using translations, reflections, rotations, and
dilations of its components.

Example: Develop a plan for a bridge structure using geometric properties of its parts to
determine unknown measures and represent the plan in three dimensions.
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Creating Functions to Model Change in the Environment and Society

Functions can be used to represent general
trends in conditions that change over time
and to predict future conditions based on
present observations.

14. Use elements of the Mathematical Modeling Cycle to make predictions based on
measurements that change over time, including motion, growth, decay, and cycling.

15. Use regression with statistical graphing technology to determine an equation that best fits a
set of bivariate data, including nonlinear patterns.
Examples: global temperatures, stock market values, hours of daylight, animal population,
carbon dating measurements, online streaming viewership
a. Create a scatter plot with a sufficient number of data points to predict a pattern.
b. Describe the overall relationship between two quantitative variables (increase,

decrease, linearity, concavity, extrema, inflection) or pattern of change.

c. Make a prediction based upon patterns.

16. Create a linear representation of non-linear data and interpret solutions, using technology
and the process of linearization with logarithms.

Modeling to Interpret Statistical Studies

Statistical studies allow a conclusion to be
drawn about a population that is too large to
survey completely or about cause and effect
in an experiment.

17. Use the Statistical Problem Solving Cycle to answer real-world questions.

18. Construct a probability distribution based on empirical observations of a variable.
Example: Record the number of student absences in class each day and find the
probability that each number of students will be absent on any future day.
a. Estimate the probability of each value for a random variable based on empirical
observations or simulations, using technology.
b. Represent a probability distribution by a relative frequency histogram and/or a
cumulative relative frequency graph.
c. Find the mean, standard deviation, median, and interquartile range of a probability
distribution and make long-term predictions about future possibilities. Determine
which measures are most appropriate based upon the shape of the distribution.
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19. Construct a sampling distribution for a random event or random sample.

Examples: How many times do we expect a fair coin to come up “heads” in 100 flips, and

on average how far away from this expected value do we expect to be on a specific set of

flips? What do we expect to be the average height for a random sample of students in a

local high school given the mean and standard deviation of the heights of all students in the

high school?

a. Use the binomial theorem to construct the sampling distribution for the number of
successes in a binary event or the number of positive responses to a yes/no question in
a random sample.

b. Use the normal approximation of a proportion from a random event or sample when
conditions are met.

c. Use the central limit theorem to construct a normal sampling distribution for the
sample mean when conditions are met.

d. Find the long-term probability of a given range of outcomes from a random event or
random sample.

20. Perform inference procedures based on the results of samples and experiments.

a. Use a point estimator and margin of error to construct a confidence interval for a
proportion or mean.

b. Interpret a confidence interval in context and use it to make strategic decisions.
Example: short-term and long-term budget projections for a business

c. Perform a significance test for null and alternative hypotheses.

d. Interpret the significance level of a test in the context of error probabilities, and use
the results to make strategic decisions.
Example: How do you reduce the rate of human error on the floor of a manufacturing
plant?

21. Critique the validity of reported conclusions from statistical studies in terms of bias and
random error probabilities.
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22. Conduct a randomized study on a topic of student interest (sample or experiment) and draw
conclusions based upon the results.
Example: Record the heights of thirty randomly selected students at your high school.
Construct a confidence interval to estimate the true average height of students at your high
school. Question whether or not this data provides significant evidence that your school’s
average height is higher than the known national average, and discuss error probabilities.
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Overview

Applications of Finite Mathematics is a newly-designed, specialized course developed for inclusion in the 2019 Alabama Course of Study:
Mathematics. Applications of Finite Mathematics was developed as a fourth-year course that extends beyond the three years of essential content that
is required for all high school students.

Applications of Finite Mathematics provides students with the opportunity to explore mathematics concepts related to discrete mathematics and their
application to computer science and other fields. Students who are interested in postsecondary programs of study that do not require calculus (such as
elementary and early childhood education, English, history, art, music, and technical and trade certifications) would benefit from choosing
Applications of Finite Mathematics as their fourth high school mathematics credit. It may also be a useful supplemental course for students pursuing
a career in computer science. This course is an important non-calculus option that presents mathematics as relevant and meaningful in everyday life.
Its objective is to help students experience the usefulness of mathematics in solving problems that are frequently encountered in today’s complex
society.

Finite mathematics includes areas of study that are critical to the fast-paced growth of a technologically advancing world. The wide range of topics in
Applications of Finite Mathematics includes logic, counting methods, information processing, graph theory, election theory, and fair division, with an
emphasis on relevance to real-world problems. Logic includes recognizing and developing logical arguments and using principles of logic to solve
problems. Students are encouraged to use a variety of approaches and representations to make sense of advanced counting problems, then develop
formulas that can be used to explain patterns. Applications in graph theory allow students to use mathematical structures to represent real world
problems and make informed decisions. Election theory and fair division applications also engage students in democratic decision-making so that
they recognize the power of mathematics in shaping society.

Applications of Finite Mathematics exhibits tremendous diversity with respect to both content and approach. Teachers are encouraged to engage
students using an investigative approach to instruction including the Student Mathematical Practices. Students should be given opportunities to
engage in learning and decision-making with technology and hands-on tools.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both in the classroom and in everyday life. The Student Mathematical Practices are standards to be incorporated across
all grades
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Student Mathematical Practices

1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.

2. Reason abstractly and quantitatively.

6. Attend to precision.

3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.

4, Model with mathematics.

8. Look for and express regularity in repeated reasoning.

The standards in this course extend beyond the essential concepts described in the overview for high school. The standards indicating what students
should know or be able to do are listed in the right columns of tables below, organized by relevant content areas.

Applications of Finite Mathematics Content Standards

Each numbered standard completes the sentence stem ““Students will...”

Logical Reasoning
The validity of a statement or argument 1.
can be determined using the models and
language of first order logic.
2.
3.
4,
5.

Represent logic statements in words, with symbols, and in truth tables, including conditional,
biconditional, converse, inverse, contrapositive, and quantified statements.

Represent logic operations such as and, or, not, nor, and x or (exclusive or) in words, with
symbols, and in truth tables.

Use truth tables to solve application-based logic problems and determine the truth value of

simple and compound statements including negations and implications.

a. Determine whether statements are equivalent and construct equivalent statements.
Example: Show that the contrapositive of a statement is its logical equivalent.

Determine whether a logical argument is valid or invalid, using laws of logic such as the law
of syllogism and the law of detachment.
a. Determine whether a logical argument is a tautology or a contradiction.

Prove a statement indirectly by proving the contrapositive of the statement.
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Advanced Counting

Complex counting problems can be 6. Use multiple representations and methods for counting objects and developing more efficient
solved efficiently using a variety of counting techniques. Note: Representations and methods may include tree diagrams, lists,
techniques. manipulatives, overcounting methods, recursive patterns, and explicit formulas.

7. Develop and use the Fundamental Counting Principle for counting independent and dependent
events.

a. Use various counting models (including tree diagrams and lists) to identify the
distinguishing factors of a context in which the Fundamental Counting Principle can be
applied.

Example: Apply the Fundamental Counting Principle in a context that can be represented
by a tree diagram in which there are the same number of branches from each node at each
level of the tree.

8. Using application-based problems, develop formulas for permutations, combinations, and
combinations with repetition and compare student-derived formulas to standard
representations of the formulas.

Example: If there are r objects chosen from n objects, then the number of permutations can be
found by the product [n(n-1) ... (n-r)(n-r+1)] as compared to the standard formula n!/(n-r)!.

a. Identify differences between applications of combinations and permutations.

b. Using application-based problems, calculate the number of permutations of a set with n
elements. Calculate the number of permutations of r elements taken from a set of n
elements.

c. Using application-based problems, calculate the number of subsets of size r that can be
chosen from a set of n elements, explaining this number as the number of combinations
“n choose r.”

d. Using application-based problems, calculate the number of combinations with repetitions
of r elements from a set of n elements as “(n + r — 1) choose r.”

9. Use various counting techniques to determine probabilities of events.

10. Use the Pigeonhole Principle to solve counting problems.
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Recursion
Recursion is a method of problem solving | 11. Find patterns in application problems involving series and sequences, and develop recursive
where a given relation or routine and explicit formulas as models to understand and describe sequential change.
operation is repeatedly applied. Examples: fractals, population growth
12. Determine characteristics of sequences, including the Fibonacci Sequence, the triangular
numbers, and pentagonal numbers.
Example: Write a sequence of the first 10 triangular numbers and hypothesize a formula to
find the nth triangular number.
13. Use the recursive process and difference equations to create fractals, population growth
models, sequences, and series.
14. Use mathematical induction to prove statements involving the positive integers.
Examples: Prove that 3 divides 22" — 1 for all positive integers n; prove that 1 +2 + 3 + ... +n
=n(n + 1)/2; prove that a given recursive sequence has a closed form expression.
15. Develop and apply connections between Pascal’s Triangle and combinations.
Networks
Complex problems can be modeled using | 16. Use vertex and edge graphs to model mathematical situations involving networks.
vertex and edge graphs and characteristics a. Identify properties of simple graphs, complete graphs, bipartite graphs, complete bipartite
of the different structures are used to find graphs, and trees.
solutions.

159
2019 Alabama Course of Study: Mathematics



Applications of Finite Mathematics

17.

18.

19.

20.

21.

Solve problems involving networks through investigation and application of existence and

nonexistence of Euler paths, Euler circuits, Hamilton paths, and Hamilton circuits. Note: Real-

world contexts modeled by graphs may include roads or communication networks.

Example: show why a 5x5 grid has no Hamilton circuit.

a. Develop optimal solutions of application-based problems using existing and student-
created algorithms.

b. Give an argument for graph properties.
Example: Explain why a graph has a Euler cycle if and only if the graph is connected
and every vertex has even degree. Show that any tree with n vertices has n — 1 edges.

Apply algorithms relating to minimum weight spanning trees, networks, flows, and Steiner

trees.

Example: traveling salesman problem

a. Use shortest path techniques to find optimal shipping routes.

b. Show that every connected graph has a minimal spanning tree.

c. Use Kruskal’s Algorithm and Prim’s Algorithm to determine the minimal spanning tree
of a weighted graph.

Use vertex-coloring, edge-coloring, and matching techniques to solve application-based
problems involving conflict.

Examples: Use graph-coloring techniques to color a map of the western states of the United
States so that no adjacent states are the same color, determining the minimum number of
colors needed and why no fewer colors may be used; use vertex colorings to determine the
minimum number of zoo enclosures needed to house ten animals given their cohabitation
constraints; use vertex colorings to develop a time table for scenarios such as scheduling club
meetings or for housing hazardous chemicals that cannot all be safely stored together in
warehouses.

Determine the minimum time to complete a project using algorithms to schedule tasks in
order, including critical path analysis, the list-processing algorithm, and student-created
algorithms.

Use the adjacency matrix of a graph to determine the number of walks of length n in a graph.

2019 Alabama Course of Study: Mathematics

160



Applications of Finite Mathematics

Fairness and Democracy

Various methods for determining a winner | 22. Analyze advantages and disadvantages of different types of ballot voting systems.

in a voting system can result in paradoxes a. Identify impacts of using a preferential ballot voting system and compare it to single

or other issues of fairness. candidate voting and other voting systems.

b. Analyze the impact of legal and cultural features of political systems on the mathematical
aspects of elections.
Examples: mathematical disadvantages of third parties, the cost of run-off elections

23. Apply a variety of methods for determining a winner using a preferential ballot voting system,
including plurality, majority, run-off with majority, sequential run-off with majority, Borda
count, pairwise comparison, Condorcet, and approval voting.

24. ldentify issues of fairness for different methods of determining a winner using a preferential
voting ballot and other voting systems and identify paradoxes that can result.
Example: Arrow’s Theorem

25. Use methods of weighted voting and identify issues of fairness related to weighted voting.
Example: determine the power of voting bodies using the Banzhaf power index
a. Distinguish between weight and power in voting.

Fair Division

Methods used to solve non-trivial 26. Explain and apply mathematical aspects of fair division, with respect to classic problems of
problems of division of objects often apportionment, cake cutting, and estate division. Include applications in other contexts and
reveal issues of fairness. modern situations.

27. Identify and apply historic methods of apportionment for voting districts including Hamilton,
Jefferson, Adams, Webster, and Huntington-Hill. Identify issues of fairness and paradoxes that
may result from methods.

Examples: the Alabama paradox, population paradox
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28.

Use spreadsheets to examine apportionment methods in large problems.
Example: apportion the 435 seats in the U.S. House of Representatives using historically
applied methods

Information Processing

Effective systems for sending and
receiving information include components
that impact accuracy, efficiency, and
security.

29.

30.

31.

32.

Critically analyze issues related to information processing including accuracy, efficiency, and
security.

Apply ciphers (encryption and decryption algorithms) and cryptosystems for encrypting and

decrypting including symmetric-key or public-key systems.

a. Use modular arithmetic to apply RSA (Rivest-Shamir-Adleman) public-key
cryptosystems.

b. Use matrices and their inverses to encode and decode messages.

Apply error-detecting codes and error-correcting codes to determine accuracy of information
processing.

Apply methods of data compression.
Example: Huffman codes
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Precalculus
Overview

Precalculus is designed for students who intend to pursue a career in science, technology, engineering, or mathematics (STEM) that requires the
study of calculus. It prepares students for calculus at the postsecondary level or AP Calculus at the high school level. Students must successfully
complete Algebra Il with Statistics before enrolling in Precalculus.

Precalculus builds on the study of algebra and functions in Algebra Il with Statistics, adding rational functions, all trigonometric functions, and
general piecewise-defined functions to the families of functions considered. In addition to focusing on the families of functions, Precalculus takes a
deeper look at functions as a system, including composition of functions and inverses. Precalculus also expands on the study of trigonometry in
previous courses and considers vectors and their operations. Other topics, such as statistics, that are frequently added to precalculus courses are not
included because the course’s primary focus is preparing students for the study of calculus.

In particular, a focus on mathematical modeling is included across the course; see Appendix E for more information on the Mathematical Modeling
Cycle. Students’ use of technology (such as graphing calculators, online graphing software, and spreadsheets) is essential in exploring the functions
and equations addressed in Precalculus.

The eight Student Mathematical Practices listed in the chart below represent what students are doing as they learn mathematics. Students should
regularly engage in these processes and proficiencies at every level throughout their mathematical studies. Proficiency with these practices is critical
in using mathematics, both within the classroom and in life. The Student Mathematical Practices are standards to be incorporated across all
grades.

Student Mathematical Practices
1. Make sense of problems and persevere in solving them. 5. Use appropriate tools strategically.
2. Reason abstractly and quantitatively. 6. Attend to precision.
3. Construct viable arguments and critique the reasoning of others. 7. Look for and make use of structure.
4. Model with mathematics. 8. Look for and express regularity in repeated reasoning.

The standards in this course extend beyond the essential concepts described in the overview. The standards indicating what students should know or
be able to do are listed in the right columns of the content area tables. Important concepts within these content areas are described in the left columns,
and focus areas within the tables are indicated. Only those focus areas which are appropriate for this course are included.

Statements in bold print indicate the scope of the standard and align the standard to related content in other courses. The full scope of every
standard should be addressed during instruction.
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Precalculus Content Standards

Each numbered standard completes the stem ““Students will...”

Number and Quantity

The Complex Number System

Perform arithmetic operations with complex
numbers.

Define the constant e in a variety of contexts.
Example: the total interest earned if a 100% annual rate is continuously
compounded.

a. Explore the behavior of the function y=e* and its applications.
b. Explore the behavior of In(x), the logarithmic function with base e, and its
applications.

Find the conjugate of a complex number; use conjugates to find moduli and
quotients of complex numbers.

Represent complex numbers and their
operations on the complex plane.

Represent complex numbers on the complex plane in rectangular and polar form
(including real and imaginary numbers), and explain why the rectangular and
polar forms of a given complex number represent the same number.

Represent addition, subtraction, multiplication, and conjugation of complex
numbers geometrically on the complex plane; use properties of this representation
for computation.

Example: (=1 + v/3i)3 = 8 because (—1 + +/3i) has modulus 2 and argument
120°.

Calculate the distance between numbers in the complex plane as the modulus of
the difference, and the midpoint of a segment as the average of the numbers at its
endpoints.

Use complex numbers in polynomial
identities and equations.

Analyze possible zeros for a polynomial function over the complex numbers by
applying the Fundamental Theorem of Algebra, using a graph of the function, or
factoring with algebraic identities.
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Limits

Understand limits of functions.

Determine numerically, algebraically, and graphically the limits of functions at

specific values and at infinity.

a. Apply limits of functions at specific values and at infinity in problems
involving convergence and divergence.

Vector and Matrix Quantities

Represent and model with vector quantities.

10.

11.

Explain that vector quantities have both magnitude and direction. Represent vector
quantities by directed line segments, and use appropriate symbols for vectors and
their magnitudes.

Examples: v, |v|, ||V]|, v.

Find the components of a vector by subtracting the coordinates of an initial point
from the coordinates of a terminal point.

Solve problems involving velocity and other quantities that can be represented by
vectors.

Find the scalar (dot) product of two vectors as the sum of the products of
corresponding components and explain its relationship to the cosine of the angle
formed by two vectors.
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Perform operations on vectors. 12. Add and subtract vectors.

a. Add vectors end-to-end, component-wise, and by the parallelogram rule,
understanding that the magnitude of a sum of two vectors is not always the
sum of the magnitudes.

b. Given two vectors in magnitude and direction form, determine the magnitude
and direction of their sum.

c. Explain vector subtraction, v —w, as v + (-w), where —w is the additive inverse
of w, with the same magnitude as w and pointing in the opposite direction.
Represent vector subtraction graphically by connecting the tips in the
appropriate order, and perform vector subtraction component-wise.

13. Multiply a vector by a scalar.

a. Represent scalar multiplication graphically by scaling vectors and possibly
reversing their direction; perform scalar multiplication component-wise.
Example: c(vx, vy) = (Cvx, CVy)

b. Compute the magnitude of a scalar multiple cv using ||cv|| = |c|[v. Compute the
direction of cv knowing that when |c| v # 0, the direction of cv is either along
v (for ¢ > 0) or against v (for ¢ < 0).

14. Multiply a vector (regarded as a matrix with one column) by a matrix of suitable
dimensions to produce another vector. Work with matrices as transformations of

vectors.
Algebra
Seeing Structure in Expressions
Write expressions in equivalent forms to 15. Derive the formula for the sum of a finite geometric series (when the common
solve problems. ratio is not 1), and use the formula to solve problems, extending to infinite

geometric series.

Examples: calculate mortgage payments; determine the long-term level of
medication if a patient takes 50 mg of a medication every 4 hours, while 70% of
the medication is filtered out of the patient’s blood.
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Arithmetic With Polynomials and Rational Expressions

Understand the relationship between zeros
and factors of polynomials.

16. Derive and apply the Remainder Theorem: For a polynomial p(x) and a number a,
the remainder on division by x —ais p(a), sop(a) =0 ifand only if (x —a) is a
factor of p(x).

Use polynomial identities to solve
problems.

17. Know and apply the Binomial Theorem for the expansion of (x +y)" in powers of
x and y for a positive integer, n, where x and y are any numbers.

Rewrite rational expressions.

18. Rewrite simple rational expressions in different forms; write a(x)/b(x) in the form
q(x) + r(x)/b(x), where a(x), b(x), q(x), and r(x) are polynomials with the degree of
r(x) less than the degree of b(x), using inspection, long division, or, for the more
complicated cases, a computer algebra system.

19. Add, subtract, multiply, and divide rational expressions.
a. Explain why rational expressions form a system analogous to the rational
numbers, which is closed under addition, subtraction, multiplication, and
division by a non-zero rational expression.

Reasoning With Equations and Inequalities

Understand solving equations as a process
of reasoning and explain the reasoning.

20. Explain each step in solving an equation as following from the equality of
numbers asserted at the previous step, starting from the assumption that the
original equation has a clear-cut solution. Construct a viable argument to justify a
solution method. Include equations that may involve linear, quadratic,
polynomial, exponential, logarithmic, absolute value, radical, rational,
piecewise, and trigonometric functions, and their inverses.

21. Solve simple rational equations in one variable, and give examples showing how
extraneous solutions may arise.

Solve systems of equations.

22. Represent a system of linear equations as a single matrix equation in a vector
variable.

23. Find the inverse of a matrix if it exists and use it to solve systems of linear
equations (using technology for matrices of dimension 3 x 3 or greater).
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Functions

Interpreting Functions

Interpret functions that arise in applications | 24. Compare and contrast families of functions and their representations

in terms of the context. algebraically, graphically, numerically, and verbally in terms of their key
features. Note: Key features include intercepts; intervals where the function is
increasing, decreasing, positive, or negative; maximums and minimums;
symmetries (including even and odd); end behavior; asymptotes; and periodicity.
Families of functions include but are not limited to linear, quadratic,
polynomial, exponential, logarithmic, absolute value, radical, rational,
piecewise, trigonometric, and their inverses.

25. Calculate and interpret the average rate of change of a function (presented
symbolically or as a table) over a specified interval. Estimate the rate of change
from a graph. Extend from polynomial, exponential, logarithmic, and radical
to rational and all trigonometric functions.

fx+Ax)—f(x)
Ax

a. Find the difference quotient of a function and use it to evaluate

the average rate of change at a point.

b. Explore how the average rate of change of a function over an interval
(presented symbolically or as a table) can be used to approximate the
instantaneous rate of change at a point as the interval decreases.

Analyze functions using different 26. Graph functions expressed symbolically and show key features of the graph, by
representations. hand and using technology. Use the equation of functions to identify key features
in order to generate a graph.

a. Graph rational functions, identifying zeros and asymptotes when suitable
factorizations are available, and showing end behavior.

b. Graph trigonometric functions and their inverses, showing period, midline,
amplitude, and phase shift.
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Building Functions

Build a function that models a relationship | 27. Compose functions. Extend to polynomial, trigonometric, radical, and
between two quantities. rational functions.

Example: If T(y) is the temperature in the atmosphere as a function of height,
and h(t) is the height of a weather balloon as a function of time, then T(h(t)) is
the temperature at the location of the weather balloon as a function of time.

Build new functions from existing 28. Find inverse functions.
functions. a. Given that a function has an inverse, write an expression for the inverse of the
function.

Example: Given f(x) = 2 x3 or f(x) = (x + 1)/(x — 1) for x = 1 find f(x).

b. Verify by composition that one function is the inverse of another.

c. Read values of an inverse function from a graph or a table, given that the
function has an inverse.

d. Produce an invertible function from a non-invertible function by restricting
the domain.

29. Use the inverse relationship between exponents and logarithms to solve problems
involving logarithms and exponents. Extend from logarithms with base 2 and
10 to a base of e.

30. Identify the effect on the graph of replacing f(x) by f(x) + k, k - f(x), f(k - x),
and f(x + k) for specific values of k (both positive and negative); find the value
of k given the graphs. Extend the analysis to include all trigonometric,
rational, and general piecewise-defined functions with and without
technology.

Example: Describe the sequence of transformations that will relate y=sin(x) and
y=2sin(3x).
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31.

Graph conic sections from second-degree equations, extending from circles and
parabolas to ellipses and hyperbolas, using technology to discover patterns.
a. Graph conic sections given their standard form.

3)?

Example: The graph of % + (y_T = 1 will be an ellipse centered at (0,3)

2 (y-3)° .
with major axis 6 and minor axis 4, while the graph of %5 — % =1 will

be a hyperbola centered at (0,3) with asymptotes with slope +2/3.

b. Identify the conic section that will be formed, given its equation in general
form.
Example: 5y% — 25x% = —25 will be a hyperbola.

Trigonometric Functions

Recognize attributes of trigonometric
functions and solve problems involving
trigonometry.

32.

Solve application-based problems involving parametric and polar equations.
a. Graph parametric and polar equations.
b. Convert parametric and polar equations to rectangular form.

Extend the domain of trigonometric
functions using the unit circle.

33.

34.

Use special triangles to determine geometrically the values of sine, cosine, and
tangent for /3, n/4, and ©/6, and use the unit circle to express the values of sine,
cosine, and tangent for m — X, © + X, and 27 — X in terms of their values for X,
where x is any real number.

Use the unit circle to explain symmetry (odd and even) and periodicity of
trigonometric functions.

Model periodic phenomena with
trigonometric functions.

35.

36.

Demonstrate that restricting a trigonometric function to a domain on which it is
always increasing or always decreasing allows its inverse to be constructed.

Use inverse functions to solve trigonometric equations that arise in modeling
contexts; evaluate the solutions using technology, and interpret them in terms of
the context.
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Prove and apply trigonometric identities. 37. Use trigonometric identities to solve problems.

a. Use the Pythagorean identity sin? (6) + cos?(#) = 1 to derive the other forms
of the identity.
Example: 1 + cot? () = csc? (0)

b. Use the angle sum formulas for sine, cosine, and tangent to derive the double
angle formulas.

c. Use the Pythagorean and double angle identities to prove other simple
identities.
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Mathematics Teaching Practices

Equitable Teaching

Establish mathematics goals to focus learning.
Effective teaching of mathematics establishes clear
goals for the mathematics that students are learning,
situates goals within learning progressions, and uses
the goals to guide instructional decisions.

Establish learning progressions that build students’ mathematical understanding, increase
their confidence, and support their mathematical identities as doers of mathematics.
Establish high expectations to ensure that each and every student has the opportunity to
meet the mathematical goals.

Establish classroom norms for participation that position each and every student as a
competent mathematics thinker.

Establish classroom environments that promote learning mathematics as just, equitable,
and inclusive.

Implement tasks that promote reasoning and
problem solving. Effective teaching of
mathematics engages students in solving and
discussing tasks that promote mathematical
reasoning and problem solving and allow multiple
entry points and varied solution strategies.

Engage students in tasks that provide multiple pathways for success and that require
reasoning, problem solving, and modeling, thus enhancing each student’s mathematical
identity and sense of agency.

Engage students in tasks that are culturally relevant.

Engage students in tasks that allow them to draw on their funds of knowledge (i.e., the
resources that students bring to the classroom, including their home, cultural, and
language experiences).

Use and connect mathematical representations.
Effective teaching of mathematics engages students
in making connections among mathematical
representations to deepen understanding of
mathematics concepts and procedures and to use as
tools for problem solving

Use multiple representations so that students draw on multiple resources of knowledge to
position them as competent.

Use multiple representations to draw on knowledge and experiences related to the
resources that students bring to mathematics (culture, contexts, and experiences).

Use multiple representations to promote the creation and discussion of unique
mathematical representations to position students as mathematically competent.
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Facilitate meaningful mathematical discourse.
Effective teaching of mathematics facilitates
discourse among students to build shared
understanding of mathematical ideas by analyzing
and comparing students' approaches and arguments.

Use discourse to elicit students’ ideas and strategies and create space for students to
interact with peers to value multiple contributions and diminish hierarchical status
among students (i.e., perceptions of differences and ability to participate).

Use discourse to attend to ways in which students position one another as capable or not
capable of doing mathematics.

Make discourse an expected and natural part of mathematical thinking and reasoning,
providing students with the space and confidence to ask questions that enhance their own
mathematical learning.

Use discourse as a means to disrupt structures and language that marginalize students.

Pose purposeful questions. Effective teaching of
mathematics uses purposeful questions to assess and
advance students’ reasoning and sense-making
about important mathematical ideas and
relationships.

Pose purposeful questions and then listen to and understand students’ thinking to signal
to students that their thinking is valued and makes sense.

Pose purposeful questions to assign competence to students. Verbally mark students’
ideas as interesting, or identify an important aspect of students’ strategies to position
them as competent.

Be mindful of the fact that the questions that a teacher asks a student and how the teacher
follows up on the student’s response can support the student’s development of a positive
mathematical identity and sense of agency as a thinker and doer of mathematics.

Build procedural fluency from conceptual
understanding. Effective teaching of mathematics
builds fluency with procedures on a foundation of
conceptual understanding so that students, over
time, become skillful in using procedures flexibly as
they solve contextual and mathematical problems.

Connect conceptual understanding with procedural fluency to help students make sense
of the mathematics and develop a positive disposition toward mathematics.

Connect conceptual understanding with procedural fluency to reduce mathematical
anxiety and position students as mathematical knowers and doers.

Connect conceptual understanding with procedural fluency to provide students with a
wider range of options for entering a task and building mathematical meaning.

Support productive struggle in learning
mathematics. Effective teaching of mathematics
consistently provides students, individually and
collectively, with opportunities and supports to
engage in productive struggle as they grapple with
mathematical ideas and relationships.

Allow time for students to engage with mathematical ideas to support perseverance and
identity development.

Hold high expectations, while offering just enough support and scaffolding to facilitate
student progress on challenging work, to communicate caring and confidence in students.
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Elicit and use evidence of student thinking. e Elicit student thinking and make use of it during a lesson to send positive messages about

Effective teaching of mathematics uses evidence of students” mathematical identities.

student thinking to assess progress toward e Make student thinking public, and then choose to elevate a student to a more prominent

mathematical understanding and to adjust position in the discussion by identifying his or her idea as worth exploring, to cultivate a

instruction continually in ways that support and positive mathematical identity.

extend learning. e Promote a classroom culture in which mistakes and errors are viewed as important
reasoning opportunities, to encourage a wider range of students to engage in
mathematical discussions with their peers and the teacher.
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2019 Alabama Course of Study: Mathematics Pathways

Appendix B depicts the pathways the 2019 Alabama Course of Study: Mathematics provides for students in Alabama public schools. Chart 1 shows
the pathways through K-12 Mathematics. Chart 2 shows how K-12 pathways extend to postsecondary study of mathematics, supporting students’
progress toward their future goals. Important decisions about which mathematics courses students will take should be made at the middle and high
school levels.

As shown in Chart 1, the high school program builds on students’ mathematical preparation in Grades 6-8 with a common pathway of three required
courses taken by all students, followed by additional specialized courses that prepare students for life after high school. Three options are provided
for completing the required courses:

1. Complete Geometry with Data Analysis in Grade 9, Algebra | with Probability in Grade 10, and Algebra 11 with Statistics in Grade 11,
followed by a specialized course in Grade 12.

2. Complete accelerated courses for Mathematics Grade 7 and Mathematics Grade 8 that incorporate the standards from Algebra | with
Probability with the standards of Mathematics Grade 7 and Mathematics Grade 8. Students who have shown adequate progress by the end of
Geometry with Data Analysis in Grade 9 may move directly to Algebra Il with Statistics in Grade 10. These students will be required to take
two additional courses in Grades 11 and 12 to earn the mandatory four credits in mathematics, since neither of the accelerated middle grades
courses (nor their combination) is equivalent to a high school mathematics credit. Taking additional specialized course(s) enables students to
make additional progress towards their postsecondary goals.

3. Complete Geometry with Data Analysis and Algebra | with Probability concurrently in Grade 9, and Algebra Il with Statistics in Grade 10.
These students should continue to take a mathematics course in both Grade 11 and Grade 12; therefore, students would earn a fifth
mathematics credit in Grade 12.

Chart 1 also depicts mathematics lab courses to be offered by school districts to meet the needs of students struggling in the required courses. These
lab courses meet concurrently with the required content courses. Lab courses might provide a review of prior knowledge needed for upcoming
lessons, reinforce content from previous lessons, or preview upcoming content to ensure that students can fully participate in the required content
classes. Since these lab courses do not cover additional mathematical standards, students can earn only an elective credit for each of them, not a
mathematics credit. Care should be taken to ensure that informed choices, based on solid data, are made about which students are assigned to lab
classes or other supports. Assignment to lab courses should be fluid, based on frequent scrutiny of student progress, rather than being a foregone
conclusion based on the support they have received in the past. See further discussion in the Overview to the High School Standards.

Chart 2 depicts the connections between K-8 mathematics, the three required high school mathematics courses, additional courses needed to earn four
credits in mathematics, and their connections to postsecondary study and use of mathematics in the workforce. Following Algebra 11 with Statistics,
students will complete courses from the box entitled “Courses for Fourth Mathematics Credit.” As noted above, some students will need to complete
two of these courses in order to earn the required four mathematics credits, and any student may choose to complete additional courses.
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To earn the fourth mathematics credit, students select one or more specialized courses that prepare them for future success in the postsecondary
study of mathematics, in careers, and in their lifelong use and enjoyment of mathematics. The specialized courses are designed to prepare students for
credit-bearing postsecondary study of mathematics and other future mathematical needs, as depicted in the block entitled “Example Postsecondary
Courses.” Working backwards from a desired field of study or profession, students can identify what their postsecondary needs may be and then
determine which specialized courses might best prepare them to reach their future goals.

Students requiring two credits of mathematics after Algebra Il with Statistics have the opportunity to take any two of the three specialized
mathematics courses in any order, as their content does not substantially overlap. In addition, an AP Calculus course may be taken following
Precalculus in school systems where it is offered.

AP Statistics, AP Computer Science, and other ALSDE approved courses are extended courses that satisfy a fourth mathematics credit. These
courses will supplement students’ mathematical preparation in high school but are not designed to prepare students for their initial credit-bearing
post-secondary course in mathematics. Students who intend to pursue a technical field may consider taking an AP Computer Science or other
approved computer science courses along with either Applications of Finite Mathematics or Mathematical Modeling. Students who intend to pursue a
field with extensive use of statistics may consider taking AP Statistics along with either Applications of Finite Mathematics or Mathematical
Modeling. While AP Statistics, AP Computer Science, and other ALSDE approved courses may satisfy a fourth mathematics credit, it is
recommended that one of the specialized courses also be completed to provide students with an adequate background for future mathematical
endeavors. The ALSDE has approved other options for a fourth mathematics credit, including dual enrollment courses; see Options for Mathematics
Credit after Algebra 11 with Statistics at the end of Appendix B.

Given the impact these decisions may have on their future prospects, students and their parents, in consultation with school personnel, should
carefully consider the consequences of the different options and what options will best meet each student’s needs. Students should be encouraged to
pursue a pathway that provides options beyond current considerations to accommodate the broadest range of future academic and career interests.
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Chart 1: Pathways through K-12 Mathematics
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Chart 2: Pathways through K-12 Mathematics to Postsecondary
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. AP
I Calculus - -)[ Science Education ]
=
6
4 Biology - Economics - Food Science
v Medical Tech - Marine Biology
A Wildlife Ecology - Pre-Optometry
Exte Pre-Med - Pre-Physician’s Assistant
B Cotters > Pre-Physical Therapy - Pre-Pharmacy
AP Computer ; Criminal Justice - Cybersecurity
Science  |..., - o
.................... o2 Introductory Engineering (Aerospace, Civil,
Statistics A Computer, Electrical, Mechanical,
Other ASLDE-approved courses, Materials, Industrial, Software)
including dual enroliment Mathematics - Mathematics Education
Physics - Geology - Chemistry
X
'5[ Computer Science J

LEGEND:

w—— w = P Preferred Pathway

Course of Study

2019 Alabama Course of

- - ¥ Possible Pathway Other Approved Course ]

sessassesaeses =»  Supplemental Pathway (additional
mathematics coursework required)

NOTES:

1. Completion of any one specialized course should provide acceptable
preparation for the courses in the orange bracket.

2. Substitution may be possible, depending on institutional policies.

3. Course offerings and policies for course placement may vary.

4. Program requirements may vary by institution and area of specialization.
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Appendix B

Options for Mathematics Credit After Algebra I with Statistics®

Applications of Finite Mathematics

Mathematical Modeling

Precalculus

Credit-eligible Advanced Placement® mathematics and computer science courses
Credit-eligible International Baccalaureate® mathematics and computer science courses
Credit-eligible Career and Technical Education mathematics courses
ALSDE-approved computer science courses

ALSDE-approved dual enrollment/postsecondary mathematics courses
ALSDE-approved locally-developed courses

CoNoOA~WLNDE

*School administrators, school counselors, classroom teachers, school staff, students, and parents should always refer to the ALSDE Academic Guide for sample
approved mathematics course pathways.
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Resources

Table 1: Student Mathematical Practices

1. Make sense of problems and persevere in solving them

Students can...

Because teachers are...

show patience and positive attitudes.

modeling patience and positive attitudes.

ask themselves if their answers make sense.

providing wait-time for processing and finding solutions.

use concrete objects or pictures to help conceptualize and solve a problem.

choosing and posing rich tasks with multiple entry points.

actively engage in problem-solving.

circulating to pose open-ended questions (also including assessing and
advancing questions) as they monitor student progress.

understand the approaches of others to solving complex problems.

modeling listening and speaking skills.

2. Reason abstractly and quantitatively

Students can...

Because teachers are...

understand there are multiple ways to break apart the problem in order to
find the solution.

asking students to explain their thinking regardless of accuracy.

use symbols, pictures or other representations to describe the different
sections of the problem allowing students to use context skills.

accepting varied solutions and representations.

explain their thinking.

facilitating discussion through guided guestions and representations.

attend to the meaning of quantities and can use numbers flexibly by applying
properties of operations and using objects.

highlighting flexible use of numbers. (Can be done through Math Talks or
Number Talks)

ask themselves if their problem-solving and answers make sense.

providing wait-time for processing and finding solutions.
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3. Construct viable arguments and critique the reasoning of others

Appendix C

Students can...

Because teachers are...

justify their conclusions, communicate them to others, and respond to the
arguments of others.

aiming to create a common mathematical language that can be used to
discuss and explain math as well as support or disagree with others’ work.

use appropriate math vocabulary while justifying their thinking.

intentionally using math vocabulary that is easily integrated into daily
lesson plans in order for students to be able to communicate effectively.
(Whole school agreement on math vocabulary.)

listen to the reasoning of others, compare arguments, and ask useful
questions to clarify others’ thinking.

asking clarifying and probing questions.

make reasonable guesses to explore their ideas.

providing opportunities for students to listen to the conclusions and
arguments of others.

establishing and facilitating a safe environment for rich discussion.

avoiding giving too much assistance (for example, providing answers,
procedures, or too much explanation.)

4. Model with mathematics

Students can...

Because teachers are...

apply the mathematics they know to solve problems arising in everyday life.

choosing real life situations for students because they know math does not
end at the classroom door.

reflect on whether the results make sense, possibly improving the model if it
does not serve its purpose.

intentionally posing problems connected to previous concepts.

model their thinking with objects, pictures, acting out, numbers, or words.

using purposeful and planned representations.

5. Use appropriate tools strategically

Students can...

Because teachers are...

select and use tools strategically and flexibly, then discuss what worked and
what didn’t.

choosing open-ended tasks that will require students to select math tools.

detect possible errors by strategically using estimation and other
mathematical knowledge.

making appropriate tools available for learning.

use technological tools and resources to solve problems and deepen
understanding.

using tools with instruction.

providing students opportunities to use tools and see significance in real
world situations.
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6. Attend to precision

Appendix C

Students can...

Because teachers are...

use clear definitions in discussion with others and in their own reasoning.
(This includes explaining their thinking using mathematics vocabulary.)

modeling the importance of precision and exact answers in mathematics.

speak and problem-solve, paying attention to exactness and detail.

recognizing and modeling efficient strategies for computation.

give carefully explanations to each other, including when they are confused.

using, and challenging students to use, mathematics vocabulary accurately
and consistently.

use appropriate symbols and specify units of measure.

7. Look for and make use of structure

Students can...

Because teachers are...

use many different skills to determine the answer.

providing time for students to apply and discuss properties.

look closely to discern a pattern or structure.

asking questions about patterns.

adopt mental math strategies based on patterns.

highlighting different mental math strategies through Number Talks, Math
Talks, etc.

apply reasonable thoughts about patterns and properties to new situations

8. Look for and express regularity in repeated reasoning

Students can...

Because teachers are...

work on applying their mathematical reasoning to various situations and
problems.

providing tasks with patterns.

continually check their work by asking themselves, “Does this make sense?”

asking about answers before and reasonableness after computations.

look for shortcuts in patterns and repeated calculations

This project used work created by and adapted from the Departments of Education in Ohio, North Carolina, Georgia, Kansas, and resources created by Achieve the
Core, EngageNY, Illustrative Mathematics, NCTM, and Howard County Public School System in Columbia, MD.
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Resources for Grades 6 — 8:
TABLE 1: PROPERTIES OF OPERATIONS

Appendix D

Here a, b, and ¢ stand for arbitrary numbers in a given number system. The properties of operations apply to the rational

number system, the real number system, and the complex number system.

Associative property of addition

(@+b)+c=a+(b+¢)

Commutative property of addition

at+h=Db+a

Additive identity property of 0

a+0=0+a=a

Existence of additive inverses

For every a there exists —aso thata + (-a) = (-a) +a=0.

Associative property of multiplication

(axb)xc=ax(bxc)

Commutative property of multiplication

axb=bxa

Multiplicative identity property of 1

axl=1xa=a

Existence of multiplicative inverses

For every a # 0 there exists 1/asothatax 1/a=1/axa=1.

Distributive property of multiplication over addition

ax(b+c)=axb+axc

TABLE 2: PROPERTIES OF EQUALITY

Here a, b, and c stand for arbitrary numbers in the rational, real, or complex number systems.

Reflexive property of equality

a=a

Symmetric property of equality

Ifa=Db, thenb=a.

Transitive property of equality

Ifa=bandb=c, thena=c.

Addition property of equality

Ifa=Db,thena+c=b+c.

Subtraction property of equality

Ifa=b,thena-c=b-c.

Multiplication property of equality

Ifa=Db,thenaxc=bxc.

Division property of equality

Ifa=bandc#0,thena+c=b~+c.

Substitution property of equality

If a = b, then b may be substituted for a in any expression
containing a.
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TABLE 3: PROPERTIES OF INEQUALITY

Here a, b, and ¢ stand for arbitrary numbers in the rational or real
number systems.

Exactly one of the following is true: a<b,a=Db, a >b.

Ifa>bandb>cthena>c.

Ifa>h,thenb<a.

If a> Db, then —-a < -b.

Ifa>b,thenaxzc>b=*c.

Ifa>bandc>0,thenaxc>b xc.

Ifa>bandc<0,thenaxc<bxc.

Ifa>bandc>0,thena+~c>b +c.

Ifa>bandc<0,thena+c<b=+c.
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Table 4: Functions

Constant Function

Identity Function

flx)=x

flx)=¢c
5
Cuadratic Function
flx) =x%

Cubic Function

flx) =23

Exponential Function

flx)=2%

Reciprocal Function

Fo) =+
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10

Absolute value Function

flx) = |x]

Linear Piecewise Function
nx <1
4:1=x=4 }

—x+3x=4

] Ly

Square Root Function

Flx) =+x
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Table 5: Reference Page

Some Abbreviations Used in Formulas

Appendix D

b4, b,= bases of a trapezoid C = circumference S.A. = surface area
b = base of a polygon r = radius V = volume
h = height or altitude d = diameter B = area of a base
| = length pi=n~3.14 S = sum of interior angles of a convex polygon
w = width P = perimeter n = number of sides of a convex polygon
A =area m = slope L.A. = lateral area
Formulas
Triangle: A = %bh Slope: m = %
2711
Parallelogram: A = bh N 2 Shape Surface Area volume
Circle: A =nr LA =Ph V = Bh
Rectangle: 4 = lw C=mnd Rectangular Prism S.A.=Ph+2Bor or
_ . ¢ =2nr SA.=2wh+Ih+Iw) | V=Iwh
Trapezoid: A = Eh(b1 + by)
. L.A. =2nrrh 2
Cylinder SA. =2xrh+2nr2 | V=mréh
Interest =principal x rate x time Square Pyramid NA V= §Bh
Sum of Measures of Interior Angles of Convex Polygon: ;
S =180(n—2) Trlangylar NA V = 1Bh
Pyramid 3

Pythagorean Theorem: c? = a? + b?

Forms of Equations

Standard form of an equation of aline: Ax + By = C
Slope-intercept form of an equation of aline:y = mx + b
Point-slope form of an equation of aline: y — y, = m(x — x,)
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Appendix E
Resources for Grades 9-12

Possible Pathways for Students Completing Grade 8 Mathematics

Before deciding on a pathway, consider the following:

Students have several options for high school mathematics, even if they did not take accelerated mathematics in middle school. The first
pathway option (shaded blue) is for students who wish to earn four high school mathematics credits and do not want to take additional specialized

courses.

However, students who have the interest and motivation can still access additional specialized mathematics courses in high school by taking
both Geometry with Data Analysis and Algebra | with Probability concurrently in Grade 9. These pathways are shaded yellow in the chart below.
Selecting this option does not exempt students from taking a mathematics course each year of high school. All pathways are designed so that students
take mathematics in each of the four years of high school.

Students should be informed of the intended purpose of each specialized course in order to make appropriate decisions when choosing a pathway.

Specialized courses:
Applications of Finite Mathematics

Required Courses: Mathematical Modeling

Geometry with Data Analysis Precalculus

Algebra | with Probability

Algebra Il with Statistics * Specialized courses can be taken in any order after Algebra Il with Statistics.
* AP Calculus may be considered following Precalculus.

* Extended courses, such as AP Statistics and AP Computer Science, may also be
considered for a credit following Algebra 1l with Statistics.

Grade: | Suggested Possible Pathways:
. . Geometry with Data Analysis and Geometry with Data Analysis and
d SEEE ) i DER ATEI S Algebra | with Probability (concurrently) Algebra | with Probability (concurrently)
10 Algebra | with Probability Algebra Il with Statistics Algebra Il with Statistics
11 Algebra Il with Statistics *Specialized Course Precalculus
12 *Specialized Course *Specialized Course (5" credit) AP Calculus (5" credit)
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Possible Pathways for Students Completing Grade 8-Accelerated Mathematics

Before deciding on a pathway, consider the following:

Students who have completed Grade 8 Accelerated Mathematics may or may not be ready to continue on an accelerated pathway. The first
two pathway options (shaded blue) are for students who are well prepared to continue on an accelerated pathway. The last three pathway options
(shaded yellow) are for students who need more experience with the content in Algebra I with Probability before moving on to Algebra Il with
Statistics. Students may gain this experience by taking Geometry with Data Analysis and Algebra | with Probability concurrently in Grade 9. This
option does not exempt students from taking a mathematics course each year of high school. Thus, all pathways are designed so that students take
mathematics in each of the four years of high school. Students should be aware of the intended purpose of each specialized course in order to make
appropriate decisions when choosing a pathway.

Grade | Suggested Possible Pathways:
9 Geometry with Geometry with | Geometry Geometry with Data Analysis | Geometry with Data Analysis
Data Analysis Data Analysis | with Data and Algebra I with Probability | and Algebra | with Probability
Analysis (concurrently) (concurrently)
10 Algebra Il with Algebra Il with | Algebra | Algebra Il with Statistics Algebra Il with Statistics
Statistics Statistics with
Probability
11 *Specialized Precalculus Algebra 1l *Specialized Course Precalculus
Course with
Statistics
12 *Specialized AP Calculus *Specialized | *Specialized Course (5th AP Calculus (5th credit)
Course Course credit)
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The Mathematical Modeling Cycle

Mathematical modeling “uses mathematics to answer big, messy, reality-based questions” (Bliss, Levy, Teague, Giordano & Garfunkel, 2019, p. 34).
Modeling is a process that is often represented as a cycle where thoughts, ideas, and calculations can be reviewed and refined over time; see figure
below. Mathematical modeling, like real life, is not composed of a series of predefined steps but must be navigated and reworked to determine the
best results. The use of this modeling process becomes inherently applicable to much more than mathematics. When teaching students through
modeling, teachers equip their students to make decisions, evaluate those decisions, and revisit and revise their work, and thus allow the student to
experience the process for determining a solution that goes beyond the traditional prescribed steps. Note: Using models of mathematical ideas (such
as manipulatives or graphs) is not the same as engaging in the Mathematical Modeling Cycle.

Define the Make assumptions Do the math
problem Define variables Get solutions

PN

Implement Iterate to
and report  @=  refineand | ASSEZS trl'et'_"mde'
results extend model and solutions

Depiction of the Mathematical Modeling Cycle (Lai, Teague, & Franklin, 2019).

While aspects of mathematical modeling should be experienced at all levels of education as a way to apply the mathematics learned in school to daily
life and for use as informed citizens in a global society, by the time students reach the high school level they should be engaged in the full
Mathematical Modeling Cycle.

Mathematical modeling involves problems that can be solved in a variety of ways to reach several valid solutions. Mathematical modeling problems
are either open-ended or open-middle type problems where students must make authentic decisions and choices in order to solve the problem.
Mathematical modeling is different from a traditional word problem in that it has more than one solution and involves choice.

To transform mathematics problems into mathematical modeling problems, teachers must go beyond adding units to the variables as in traditional
word problems. Modeling problems must also require students to make meaning of the problem and provide students the opportunity to interpret and
make decisions throughout the solution process.
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The basic modeling cycle is summarized in the diagram above. It involves (1) defining the problem to be answered; (2) making assumptions to
simplify the situation, identifying variables in the situation, and selecting those that represent essential features in order to formulate a mathematical
model; (3) analyzing and performing operations to draw conclusions; (4) assessing the model and solutions in terms of the original situation; (5)
refining and extending the model as needed; and (6) reporting on the conclusions and the reasoning behind them. The arrows among these steps
suggest that one need not go through them in a set order and that one may repeat aspects of the cycle in order to improve the results obtained.
Choices, assumptions, and approximations are present throughout this cycle.

Teachers are encouraged to select or develop tasks using contexts that are familiar to students. Teachers are also encouraged to anticipate student
responses and pathways in order to support students when necessary.

Statistical Problem-Solving

While mathematics focuses on drawing logical conclusions from a set of assumptions, statistics involves understanding and analyzing the variability
in a set of data. This requires an adaptation of the mathematical modeling cycle into a related model of statistical problem-solving, as depicted in the
following diagram. This cycle includes formulating a question, designing a study, collecting data, analyzing the results, interpreting and refining
solutions, and communicating interpretations and limitations. The arrows among these steps suggest that one need not go through them in a set order
and that one may repeat aspects of the cycle in order to improve the results obtained.

Formulate
question

Design study Collect data

Communicate
interpretations and
limitations

nterpret; refine
variables and
assumption

Analyze results

Depiction of Statistical Problem Solving (Lai, Teague, & Franklin, 2019).
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In summary, both the Mathematical Modeling Cycle and Statistical Problem-Solving Cycle should be incorporated throughout the three required
courses of high school mathematics, including using aspects of the cycles as well as the full cycles to explore real-world contexts. The specialized
course, Mathematical Modeling, was created specifically to focus on both of these cycles in preparation for students’ future mathematical endeavors
in careers and life. Students will be able to experience the full mathematical modeling and statistical problem-solving cycles multiple times in
varying contexts. For more information on the Mathematical Modeling course, see the standards for that course.

Resources

Bliss, K., Levy, R., Teague, D., Giordano, F., & Garfunkel S. (2019). Guidelines for Assessment and Instruction in Mathematical Modeling
Education (2" Edition). Consortium for Mathematics and its Applications and Society for Industrial and Applied Mathematics. Retrieved
from https://www.siam.org/publications/reports/detail/guidelines-for-assessment-and-instruction-in-mathematical-modeling-education

Lai, Y., Teague, D., & Franklin, C. (2019). Process Parallels [digital image]. Retrieved from
https://drive.google.com/open?id=1Ix81ZJisLiB-3MEj3RDLpih8VWBxXxxWZj
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ALABAMA HIGH SCHOOL GRADUATION REQUIREMENTS

(Alabama Administrative Code 290-3-1-02(8) and (8)(a))
Effective for students in the ninth grade in the 2013-2014 school year, all students shall earn the required credits for the Alabama High School Diploma. A local board of education may establish
requirements for receipt of diplomas and endorsements, but any diploma or endorsement shall include the requirements of the Alabama High School Diploma. The Alabama courses of study shall
be followed in determining minimum required content in each discipline.
COURSE REQUIREMENTS
Four credits to include: Credits
English 9 1
. English 10 1
English Language Arts English 11 1
English 12 1
Equivalent options may include: Advanced Placement/International Baccalaureate/postsecondary equivalent courses
Three credits to include: Credits
Algebra | or its equivalent 1
Geometry or its equivalent 1
Mathematics Algebra Il w/Trigonometry or Algebra Il, or its equivalent 1
One credit from:
Alabama Course of Study: Mathematics or Career and Technical Education/Advanced Placement/International 1
Baccalaureate/postsecondary equivalent courses
Mathematics Total Credits 4
Two credits to include: Credits
Biology 1
Science A physical science (Chemistry, Physics, Physical Science) : 1
Two credits from:
Alabama Course of Study: Science or Career and Technical Education/Advanced Placement/International 2
Baccalaureate/postsecondary equivalent courses
Science Total Credits 4
Four credits to include: Credits
World History 1
United States History | 1
Social Studies United States History Il 1
United States Government 0.5
Economics 0.5
Equivalent options may include: Advanced Placement/International Baccalaureate/postsecondary equivalent courses
Social Studies Total Credits 4
Physical Education Lifelong Individualized Fitness Education (LIFE) 1
Health Education 0.5
Career Preparedness 1
Career and Technical Education and/or Foreign Language and/or Arts Education 3
Electives 2.5
Local boards shall offer foreign languages, arts education, physical education, wellness education, career and technical education, and driver education as electives.
Total Credits | 24
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GUIDELINES AND SUGGESTIONS FOR
LOCALTIME REQUIREMENTS AND HOMEWORK

Total Instructional Time

The total instructional time of each school day in all schools and at all grade levels shall be not less than 6 hours or 360 minutes, exclusive of lunch
periods, recess, or time used for changing classes (Code of Alabama, 1975, 816-1-1).

Suggested Time Allotments for Grades 1 - 6

The allocations below are based on considerations of a balanced educational program for Grades 1-6. Local school systems are encouraged to
develop a general plan for scheduling that supports interdisciplinary instruction. Remedial and/or enrichment activities should be a part of the time
scheduled for the specific subject area.

Subject Area Grades 1-3 Grades 4-6
Language Arts 150 minutes daily 120 minutes daily
Mathematics 60 minutes daily 60 minutes daily
Science 30 minutes daily 45 minutes daily
Social Studies 30 minutes daily 45 minutes daily
Physical Education 30 minutes daily* 30 minutes daily*
Health 60 minutes weekly 60 minutes weekly
Technology Education (Computer Applications) 60 minutes weekly 60 minutes weekly
Character Education 10 minutes daily** 10 minutes daily**
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Arts Education

Dance Daily instruction with certified arts specialists in each of the arts disciplines is the most desirable schedule. However,

Music schools unable to provide daily arts instruction in each discipline are encouraged to schedule in Grades 1 through 3 two

Theatre 30- to 45-minute arts instruction sessions per week and in Grades 4 through 6 a minimum of 60 minutes of instruction per

Visual Arts week. Interdisciplinary instruction within the regular classroom setting is encouraged as an alternative approach for
scheduling time for arts instruction when certified arts specialists are not available.

*Established by the Alabama State Department of Education in accordance with Code of Alabama, 1975, §16-40-1
**Established by the Alabama State Department of Education in accordance with Code of Alabama, 1975, §16-6B-2(h)

Kindergarten

In accordance with Alabama Administrative Code r. 290-5-1-.01(5) Minimum Standards for Organizing Kindergarten Programs in Alabama Schools,
the daily time schedule of the kindergartens shall be the same as the schedule of the elementary schools in the systems of which they are a part since
kindergartens in Alabama operate as full-day programs. There are no established time guidelines for individual subject areas for the kindergarten
classroom. The emphasis is on large blocks of time that allow children the opportunity to explore all areas of the curriculum in an unhurried manner.

It is suggested that the full-day kindergarten program be organized utilizing large blocks of time for large groups, small groups, center time, lunch,
outdoor activities, snacks, transitions, routines, and afternoon review. Individual exploration, small-group interest activities, interaction with peers
and teachers, manipulation of concrete materials, and involvement in many other real-world experiences are needed to provide a balance in the
kindergarten classroom.

Grades 7-12

One credit may be granted in Grades 9-12 for required or elective courses consisting of a minimum of 140 instructional hours or in which students
demonstrate mastery of Alabama course of study content standards in one credit courses without specified instructional time (Alabama
Administrative Code r. 290-3-1-.02 (9)(a)).

In those schools where Grades 7 and 8 are housed with other elementary grades, the school may choose the time requirements listed for Grades 4-6 or
those listed for Grades 7-12.
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Character Education

For all grades, not less than 10 minutes instruction per day shall focus upon the students” development of the following character traits: courage,
patriotism, citizenship, honesty, fairness, respect for others, kindness, cooperation, self-respect, self-control, courtesy, compassion, tolerance,
diligence, generosity, punctuality, cleanliness, cheerfulness, school pride, respect of the environment, patience, creativity, sportsmanship, loyalty, and
perseverance.

Homework

Homework is an important component of every student’s instructional program. Students, teachers, and parents should have a clear understanding of
the objectives to be accomplished through homework and the role it plays in meeting curriculum requirements. Homework reflects practices that
have been taught in the classroom and provides reinforcement and remediation for students. It should be student-managed, and the amount should be
age-appropriate, encouraging learning through problem-solving and practice.

At every grade level, homework should be meaning-centered and mirror classroom activities and experiences. Independent and collaborative
projects that foster creativity, problem-solving abilities, and student responsibility are appropriate. Parental support and supervision reinforce the
quality of practice or product as well as skill development.

Each local board of education shall establish a policy on homework consistent with the Alabama State Board of Education resolution adopted
February 23, 1984 (Action Item #F-2).
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Glossary

GLOSSARY

Absolute value: The distance from a number to zero.
Absolute value function: See Appendix D, Table 4.
Acute angle: An angle that measures between 0° and 90°.

Addend: Any of the numbers added to find a sum.

Addition and subtraction within 5, 10, 20, 100, or 1000: Addition or subtraction of two whole numbers with whole number answers and with sum
or minuend in the range 0-5, 0-10, 0-20, 0-100 or 0-1000, respectively. Example: 8 + 2 =10 is an addition within 10, 14 — 5 = 9 is a subtraction
within 20, and 55 — 18 = 37 is a subtraction within 100.

Additive inverses: Two numbers whose sum is O are additive inverses of one another.
3 3 . . 3 3
Example: " and — S are additive inverses of one another because st 2= 0

Adjacent angles: Two angles that share a common vertex and a common side but do not share any interior points.

Algorithm: A process or set of rules for solving a problem.

Amplitude: The distance from the midline to the maximum or minimum value of a periodic function, calculated as (maximum value - minimum
value)/2.

Arc: A section of a circle contained between two points.
Area: The measure of the interior of a two-dimensional figure (square units).

Area model: A concrete model for multiplication or division made up of a rectangle. The length and width represent the factors and the area
represents the product. Area models can also be used for multiplying and factoring polynomials and for completing the square.

Arithmetic sequence: A sequence in which the difference between two consecutive terms is constant.

197
2019 Alabama Course of Study: Mathematics



Glossary

Array: A concrete model for multiplication in which items are arranged in rows and columns. Each row (or column) represents the number of
groups and each column (or row) represents the number of items in a group. Example: The array shown below represents 5 x 4 = 20, since there are 5
rows of 4 stars for a total of 20 stars. It could also represent 4 x 5 = 20, since there are 4 columns of 5 stars for a total of 20 stars.

* Kk k%
* * k%
* Kk k%
* * * %

* k%

Association (Data Analysis, Statistics, and Probability, Grades 9-12): A relationship between two categorical variables in which a specific value of
one variable is more likely to coincide with a specific value of another variable.

Asymptote: A line that a curve becomes arbitrarily close to as one of the coordinates of the curve approaches infinity.
Automaticity: The ability to perform mathematical operations accurately and quickly.
Average: See mean.

Axis of symmetry: A line that divides a function into two congruent parts so that points on one side of the line are a reflection of the points on the
other side; for all values of x, f(x) = f(-x).

B (as in V=Bh): Area of the base of a three-dimensional figure.
Benchmark number: A number or numbers that help to estimate a value. Examples: 10, 100, 0, %, and 1.

Bias (statistical bias): Using a sampling method that favors some outcomes over others so that it consistently overestimates or underestimates the
true value.

Bivariate data: Set of paired values for two related variables. Examples: a person’s race and gender (both categorical), a person’s height and
weight (both quantitative), or a person’s gender and height (categorical and quantitative).

Box-and-whisker plot (box plot): A method of visually displaying variation in a set of data values by using the median, quartiles, and extremes of
the data set.

Categorical data: Variables with values that may be divided into groups. Examples: race, gender, educational level, zip code.

Categorical variable: A variable whose possible values can be placed into groups and for which arithmetic (e.g., average) does not make sense.
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Causation: A change in one variable results in the change of another variable.

Cavalieri’s Principle: A method for showing that two solids have the same volume by showing that areas of corresponding cross sections are equal.
Center: A value that represents a typical value or middle of a set of quantitative data, such as mean or median.

Center of a circle: A point that is equidistant from all points on a circle in a plane.

Chord: A segment joining two points on a circle.

Circle: A set of points in a plane equidistant from a given point, which is called the center.

Circumscribed polygon: A polygon whose sides are all tangent to a given circle. The circle is said to be inscribed in the polygon.
Closure: If an operation is performed on two elements of a set, the result is always an element of a set.

Coefficient: The numerical factor in a term that contains one or more variables. Example: In 2xy?, 2 is the coefficient.
Combination: A way of selecting items from a set or collection, such that the order of selection does not matter.

Complementary angles: Two angles whose measures have a sum of 90°.

Complex fraction: A fraction A/B where A and/or B are fractions (where B is non-zero).

Complex number: A number written in the form a + bi, where a and b are real numbers and b is multiplied by the imaginary unit i.
Compose: To put together a number or shape using existing numbers or shapes.

Composition: The process of combining two functions in which one function is performed first and then its output is used as the input for the
second function.

Conditional probability: The probability of an event given that another event has occurred.

Conditional relative frequency: The ratio of a joint relative frequency to a related marginal relative frequency.
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Confidence interval: An interval combined with a probability statement that is used to express the degree of uncertainty associated with a sample
statistic and that estimates where a population parameter will lie. Example: We are 95% confident that the mean salary of the population lies within
$512 of the sample mean.

Congruent figures: Two plane or solid figures are congruent if one can be mapped to the other by a rigid motion (a sequence of rotations,
reflections, and translations).

Conic section: A figure formed by the intersection of a plane and a right circular cone. Examples: ellipse, parabola, or hyperbola.

Conjugate: An expression formed by changing the sign of the second term. For numbers of the form a + bi where a and b are real numbers, the
conjugate is a - bi, such that the product of the number and its conjugate is a?+b?.

Constant: A variable that has a fixed value.
Constant function: A function that has the same output for every input. See Appendix D, Table 4.
Constraint: A restriction on what solutions to a problem are valid.

Continuous quantitative data: Data items within a set that can take on any value within a range, including non-integer values. Example: A
person’s height or the length of a person’s foot.

Coordinate plane (system): A two-dimensional system for locating points in the plane consisting of two number lines, where the horizontal number
line (x-axis) and vertical number line (y-axis) are perpendicular and intersect at a point (origin). Points are described by their relative locations on the
two number lines.

Correlation: An association or relationship between two quantitative variables.

Correlation coefficient: A statistic (r) which measures the strength of the linear association between two quantitative variables. Values range from
-1to 1, where 1 denotes a perfect positive relationship, -1 a perfect negative relationship, and 0 no relationship at all.

Corresponding parts: The sides, angles, and vertices of one figure that are mapped onto those of another figure using a geometric transformation.

Counting on: A strategy for finding the number of objects in a group without having to count every member of the group. Example: If a stack of
books is known to have 8 books and 3 more books are added to the top, it is not necessary to count the entire stack all over again. One can find the
total by counting on—pointing to the top book and saying “eight,” following this with “nine, ten, eleven. There are eleven books now.”
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Cube root: A cube root of x is the number that, when multiplied by itself three times (or cubed), gives the number x. Example; 2 is the cube root of
8 because 2° =222 =8,

Cubic function: A polynomial function whose highest degree is 3. See Appendix D, Table 4.

Decimal number: A quantity represented using base-10 notation, using a decimal point to separate the whole number and fractional parts.
Decompose: To separate numbers or shapes into component or smaller parts.

Denominator: The divisor in a fraction or rational expression.

Dependent events: Two or more events in which the outcome of one is affected by the outcome(s) of the other(s).

Dependent variable: A variable in an expression, equation, or function whose value is determined by the choice of the other variables.

Descriptive statistics: Values used to describe features of a univariate or bivariate quantitative data set. Common statistics involve measures of
center and measures of spread.

Dilation: A geometric transformation in which the image of each point lies along the line from a fixed center point through the given point, where
its distance is multiplied by a common scale factor. Images of geometric figures using a dilation are similar to the given figures.

Discrete quantitative data: Data items within a set which can take on only a finite number of values. Examples: A person’s shoe size or rolling
a die.

Distribution: A description of the relative number of times each possible outcome of a statistical variable occurs or will occur in a number of trials.
Dividend: awherea+b=c.

Divisor: b wherea +b =c.

Domain: The set of inputs for a function or relation.

Dot plot: See line plot.

Ellipse: The set of all points in a two-dimensional plane where the sum of the distance from two distinct points (foci) is constant.
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Empirical Rule: A description of a normal distribution of data. In a normal distribution, almost all data will fall within three standard deviations of
the mean. Approximately 68% of the values lie within one standard deviation of the mean, approximately 95% of the values lie within two standard
deviations of the mean, and approximately 99.7% lie within three standard deviations of the mean. Also known as the 68-95-99.7% Rule.

End behavior: In a function, the values the dependent variable approaches as the independent variable approaches either negative or positive
infinity.

Equation: A mathematical relationship in which two expressions are equal.

Equivalent expression: Expressions that represent the same amount; equations or inequalities that have the same solution set.

Evaluate: To determine or calculate the value of an expression once specific values have been substituted for each of the variables in the expression.
Even function: A function whose graph is symmetric with respect to the y-axis. f(x) = f(-x) for all x.

Event: A set of possible outcomes of an experiment or study; a subset of the sample space.

Expanded form: A multi-digit number written as a sum of single-digit multiples of powers of ten. Example: 643 = 600 + 40 + 3.

Expected value: For a random variable, the weighted average of its possible values, with weights given by their respective probabilities.
Experiment: A controlled study used to find the differences between groups subjected to different treatments.

Experimental probability: The number of occurrences of an event in a set of trials divided by the total number of trials. Contrast to theoretical
probability.

Exponent: The small number placed to the upper right of a base number indicating how many copies of the base number are multiplied together.
Example: In 2%, 2 isthe base number, and 4 is the exponent.

Exponential function: A function in which the dependent variable is an exponent, with a constant base. See Appendix D, Table 4.
Exponential notation: A general version of scientific notation in which the base does not have to be 10.
Expression: A mathematical phrase that combines numbers and/or variables using mathematical operations. Examples: 3x 6;4 +7 x 3; 8; 2h + 3k

Extraneous solution: A solution to an equation that emerges from the process of solving the problem but is not a valid solution to the original
problem.
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Factors of a number or expression: Numbers or terms multiplied together to find a product. Example: a and b, where a x b = ¢c. Where c is a whole
number, integer, or polynomial, a and b are often limited to whole numbers, integers, or polynomials respectively. c is called the product.

Fair share model (partitive division): A division model in which the total number of items and the number of groups is known and the number of
items in each group is the unknown.

Fibonacci Sequence: A recurrence relation where successive terms are found by adding the two previous terms given that the first two terms are 0
and 1.

Fluency: The ability to use strategies and/or procedures that are flexible, efficient, accurate, and generalizable to answer mathematical questions.

Fraction: A number expressible in the form %Where a is a whole number and b is a positive whole number. (The word fraction in these standards
always refers to a non-negative number.) See also rational number.

Frequency: The number of cycles of a periodic function that occur within a given distance of the dependent variable; the number of occurrences of
a value in a distribution of discrete data.

Frequency table: A table that lists the frequency of each item in a distribution of discrete data. In the lower grades, tally marks may be used to
record the number of times each item occurs.

Function: Relationship between two variables where each input (value of the independent variable) has a single output (value of the dependent
variable).

Function notation: Use of f(x) notation to define a function.

Fundamental Counting Principle: A way to figure out the total number of ways different events can occur (outcomes) in a probability problem. If
there are two independent events with m and n possible outcomes, respectively, then there are m - n total possible outcomes for the two events
together.

Geometric sequence: A sequence in which the ratio between two consecutive terms is constant.
Geometric series: The sums of the terms in a geometric sequence.
Geometric transformation: A function that maps all the points of the plane onto the plane.

Greatest integer function: A function that assigns each input value to the greatest integer that is less than that value. See Appendix D, Table 4.
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Histogram: A graphical display representing the frequency distribution of continuous numerical data where the data are grouped into bins. Each bin
represents a range of data.

Hyperbola: The set of all points in a two-dimensional plane where the difference of the distances from two distinct points (foci) is constant.
Identity: An equation that is true for all values of the variables.
Identity function: A function that assigns each input value to itself. See Appendix D, Table 4.

Identity matrix: A square matrix whose elements consist of ones along the diagonal (from upper right to lower left) and zeros everywhere else.
Multiplying any matrix by an identity matrix of the appropriate size will yield that same matrix.

Identity property of 0: a+0=0+a=a, forall a. See Appendix D, Table 1.

Image: A figure or set of points that results from a transformation.

Imaginary number (complex number): The square root of a negative number. The square root of negative 1 or V/(-1) is defined to be i. See also
complex number.

Independence: A lack of association between two categorical variables, in which a specific value of one variable is equally likely to coincide with
all values of the other variable.

Independent events: Two or more events in which the outcome of one is not affected by the outcome of the other(s).

Independent variable: A variable in an expression, equation, or function whose value is freely chosen regardless of the value of the other
quantities.

Inequality: A mathematical sentence that compares the order of two quantities: greater than (>), greater than or equal to (>), less than (<), less than
or equal to ().

Inference (statistical inference): Conclusions drawn, based on data.

Inferential statistics: The mathematical science of using data collection and analysis to make predictions about a population based on a random
sample or to draw conclusions of cause and effect based on a random assignment of treatments.

Inscribed polygon: A polygon whose vertices are all contained on a given circle. The circle is said to be circumscribed about the polygon.
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Integer: Any of the natural numbers, the negatives of these numbers, or zero.

Interquartile range: A measure of variation in a set of numerical data. The interquartile range is the distance between the first and third quartiles of
the data set. Example: For the data set {1, 3, 6, 7, 10, 12, 14, 15, 22, 120}, the interquartile range is 15 -6 = 9.

Inverse function: A function that “undoes” a given function, mapping that function’s outputs to its inputs.

Inverse operations: Operations that “undo” one another. Example: 5+4=9 and 9-4=5, demonstrating that subtraction is the inverse operation of
addition.

Irrational number: A real number r such that there are no integers a and b (b # 0) where r = a + b (such as m).

Joint relative frequency: The ratio of the frequency in a particular category and the total number of data values.

Like terms: Two or more terms that have the same variables and powers, but possibly different coefficients. Note: any constant, ¢, can be written as
c - x%. Thus, all constants are like terms.

Limit: A value that a function approaches as the input approaches some number.

Line plot: A method of visually displaying a distribution of data values where each data value is shown as a dot or mark above a number line (also
known as a dot plot).

Line segment: Set of points between two endpoints, A and B, that lie on the line that contains A and B.

Linear association: A relationship between two quantitative variables that can be represented using a linear equation. On a scatter plot, the
relationship can be represented by a line.

Linear equation: An equation of two linear expressions. Linear equations including two variables can be represented by a line in the coordinate
plane.

Linear expression: An expression whose terms each include at most one variable with degree one (raised to the first power). For example, 2x + 7 or
3X +4y—11.

Linear function: A function whose output is determined by a linear expression. A linear function can be represented by a line in the coordinate
plane. See Appendix D, Table 4.
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Logarithm: The exponent to which a given base must be raised to yield a given value. Example: the logarithm of 1000 base 10 is 3, since 103=1000.
Logarithmic function: The inverse function of an exponential function.

Magnitude of a vector: The length of a vector.

Marginal relative frequency: The ratio of the sum of the joint relative frequency in a row or column and the total number of data values.

Mass: A measure of how much matter is in an object, usually defined in grams.

Mathematical modeling: Using mathematics to solve a complicated real-world problem where there is no clear-cut method to solve the problem.
Note that mathematical modeling is different from using manipulatives and other representations to model mathematical concepts. See Appendix E.

Matrix: A rectangular array of numbers or other data. The dimensions of the matrix are determined by its number of rows and columns. Example:
The dimensions of a matrix with two rows and three columns would be 2 x 3.

Maximum: The greatest value in a data set or the greatest possible value of an expression or function.

Mean (arithmetic mean or average): A measure of center in a set of numerical data, computed by adding the values in a list and then dividing by
the number of values in the list; the balance point. For the data set {x1, X2, X3, ..., Xn}, the mean (often written x) = % * . x;. Example: For the data
set {1, 3, 6,7, 10, 12, 14, 15, 22, 120}, the mean is 21.

Mean absolute deviation: The average distance between each value in a set of numerical data and the mean of the data set. For the data set {x1, X2,
X3, ..., Xn}with mean x MAD :% . lx; — x|. Example: For the data set {2, 3, 6, 7, 10, 12, 14, 15, 22, 120}, the mean absolute deviation is 19.96.

Median: A measure of center in a set of numerical data. The median of a list of values is the number at the center of an ordered list—or the mean of
the two numbers in the middle if there are an even number of elements. Example: For the data set {2, 3, 6, 7, 10, 12, 14, 15, 22, 90}, the median
is 11.

Metric system: A measurement system used throughout the world that is based on units that are related by powers of 10, using a standard set of
prefixes. The base unit for measuring length is the meter, the base unit for capacity is the liter, and the base unit for mass is grams. Commonly-used
prefixes include milli- denoting 1/1000 of the base unit, centi- denoting 1/100 of a unit, and kilo- denoting 1000 base units. For example, a milliliter
is 1/1000 of a liter, a centimeter is 1/100 of a meter, and a kilometer is 1000 meters. Temperature is measured in degrees Celsius, in which 0° C. is
the freezing point of water and 100° is the boiling point of water.

Midline: In the graph of a trigonometric function, the horizontal line halfway between its maximum and minimum values.
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Midpoint: A point on a segment that is equidistant from the endpoints.

Minimum: The smallest value in a data set or the smallest possible value of an expression or function.

Mode: The value that occurs most frequently in a data set.

Modular arithmetic: If a and b are integers and m is a positive integer, then a is said to be congruent to b modulo m if m divides a — b.
Monomial: A mathematical expression consisting of a single term.

Multiple: A number that is the result of multiplying a given whole number (or integer) by another whole number (or integer). Example: Multiples of
5are0, 5, 10, 15, 20, 25, 30....

Multiplication: A mathematical operation involving two factors. One factor describes the number of groups or sets, the other factor describes the
number of items in a group or set and the result, or product, describes the total number of items.

Multiplication and division within 100: Multiplication or division of two whole numbers with whole number answers, with product or dividend in
the range 0-100. Example: 72 +8=09.

Multiplicative inverses: Two numbers whose product is 1 are multiplicative inverses of one another. Example: " and Fare multiplicative inverses

3 4 4 3
of one another because TX3=3X T 1.

Natural number: Whole numbers excluding zero; “counting numbers.”

Nonresponse bias: Bias that occurs when individuals chosen for a sample are unable or unwilling to respond and differ in meaningful ways from
those who do respond.

Normal distribution: A naturally occurring distribution that is symmetric about the mean, bell shaped, and dispersed systematically. Also known as
a normal curve.

Number line diagram: A line diagram used to represent numbers and support reasoning about them. In a number line diagram for measurement
quantities, the interval from 0 to 1 on the diagram represents the unit of measure for the quantity.

Numerator: The number in a fraction that indicates the number of parts of the whole that are being considered; the top number in a fraction.
Obtuse angle: An angle measuring more than 90° but less than 180°.
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Odd function: A function whose graph is 180° rotationally symmetric about the origin. f(-x) = -f(x) for all x.
Open figure: A shape made up of line segments with at least one line segment that isn’t connected to anything at one of its endpoints.

Ordered pair: A set of numbers (X, y) where the first number (x-coordinate) shows position to the left or right of the origin (0, 0) and the second
number (y-coordinate) shows position above or below the origin on a coordinate plane.

Outlier: Values in a data set that are much smaller or larger than the rest of the values.
Parabola: The set of all values in a two-dimensional plane that are the same distance from a fixed point (focus) and a line (directrix).
Parallel lines: Two lines in a plane that do not intersect.

Parameter: In statistics, a numerical measure that describes a characteristic of a population. In algebra, parameters are quantities that influence the
output or behavior of a mathematical object that are not explicitly varied but viewed as being held constant. Example: for y = mx + b, mand b are
parameters and x and y are variables. Also, the independent variable used in parametric equations.

Parametric equations: A set of equations used to define the coordinates of a set of points in terms of an independent variable called a parameter.
Partial product: A part of the product in a multiplication calculation, usually based on place value and the distributive property.
Partial quotient: A part of the quotient in a division calculation, usually based on place value and the distributive property.

Pattern: Set of numbers or objects that can be described by a specific rule.

Percent rate of change: A rate of change expressed as a percent. Example: If a population grows from 50 to 55 in a year, it grew by % = 10% per
year.

Perimeter: The distance around a figure or object.
Period: The length of the dependent variable in a periodic function for a complete cycle to occur.

Permutation: An arrangement of all the members of a set or collection into some sequence or order, or if the set is already ordered, the reordering
of its elements, a process called permuting.

Perpendicular lines: Two lines or line segments that intersect to form a right angle (90°).
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Piecewise function: A function in which more than one formula is used to define the output over different intervals (pieces) of the domain.

Pigeonhole Principle: A concept used in problem-solving, which states that if there are more pigeons than pigeonholes, then at least one pigeonhole
has at least two pigeons in it.

Plane figure: A two-dimensional shape.
Point: An exact position or location on a plane surface or in space.

Polar equations: An equation defining an algebraic curve expressed in polar coordinates r and @, where r is the distance from the origin and @ is the
angle of rotation from the x-axis.

Polygon: Any closed plane shape formed by line segments (also called sides of the polygon,) where each endpoint of a side (also called a vertex of
the polygon) is shared by exactly two sides.

Polyhedron: A three-dimensional figure formed by polygons (also called faces of the polyhedron,) where each side of a face (also called an edge of
the polyhedron) is common to exactly two faces. The vertices of the polygons (also called vertices of the polyhedron) may be shared by multiple
edges.

Polynomial: A mathematical expression containing real numbers and variables related only by the operations of addition, subtraction,
multiplication, and non-negative integer exponents. The standard form of a polynomial is written as a sum of terms, each of which is simplified to be
the product of a constant and/or variables raised to whole number exponents greater than 0. Example: 3x? + 4xy® + 9 is a polynomial written in
standard form.

Population: The entire group of objects, people, or events about which information is sought in a statistical study.

Population distribution: The distribution of all values of a variable for all individuals in the population.

Power: Exponent; the number of times a base number is multiplied by itself.

Preimage: A figure or set of points that is an input to a transformation.

Prime number: A number that has exactly two factors, 1 and itself.

Prism: Polyhedron with two congruent and parallel faces that are polygons; the rest of the faces are parallelograms.

Probability: A number between 0 and 1 used to quantify likelihood.
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Probability distribution: The set of possible values of a random variable with a probability assigned to each.

Probability model: A model used to assign probabilities to outcomes of a chance process by examining the nature of the process. The set of all
outcomes is called the sample space, and their probabilities sum to 1. See also uniform probability model.

Product: The result when two or more numbers or terms are multiplied together.
Properties: Characteristics, such as color, size, or height; statements that are always true for some class of objects.
Proportional: Term describing two quantities that are related by a constant ratio, whose value is called the constant of proportionality.

Pythagorean Theorem: The sum of the squares of the lengths of the legs of a right triangle is equal to the square of the length of the hypotenuse.
a® + b? = ¢?, where a and b are the lengths of the legs and c is the length of the hypotenuse.

Quadrant: One of the four parts into which a coordinate plane is divided by the x-axis and y-axis.
Quadratic equation: An equation which equates a quadratic expression to another quadratic expression, linear expression, or constant.
Quadratic expression: A polynomial expression in one variable where the largest exponent of the variable is 2 when written in standard form.

-b+Vb2-4ac
2a

Quadratic formula: x = , Where x is the solution of an equation of the form ax? + bx + c=0and a = 0.

Quadratic function: A function in which each input value is related to its output value by a quadratic expression. See Appendix D, Table 4.
Qualitative variable: See categorical variable.

Quantitative literacy: The ability to use mathematical and statistical reasoning to address practical, civic, professional, recreational, and cultural
issues.

Quantitative variable: A variable whose possible values are numerical and represent a measurable quantity. Examples: a person’s weight or age.

Quartile: A grouping of data points. Three points in a ranked set of data divide the data into four equal groups, where each group contains a quarter
of the data points. The three points include the median of the full set of data (Q2), the median of the set of values above the median of the full set
(Q3), and the median of the set of values below the median of the full set (Q1).

Quotient: cwherea+~b=c.
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Radian: The radian measure of an angle is equal to the ratio of the length of the subtended arc of the angle to the radius.
Radical equation: An equation in which at least one variable expression is under a radical.

Random sample: A method of selection in which members of the statistical population are chosen by chance, with each member of the population
having an equal probability of being chosen.

Random variable: A statistical variable whose values are the result of a random process.

Range: The maximum value minus the minimum value in a data set. The range of a function is the set of outputs from the domain.
Ratio: The multiplicative comparison of two non-zero quantities. Represented as a:b, a/b, and a to b.

Rational expression: A quotient of two polynomials with a non-zero denominator.

Rational number: A number that can be expressed as a fraction in the form of % where b # 0.

Ray: A set of points on a line that begins at a point (called the endpoint) and extends infinitely in one direction.

Real number: The set of all possible values on a number line; that is, the set of all rational and irrational numbers. Each real number can be
represented by a decimal number, either finite or infinite.

Reciprocal: The multiplicative inverse of a number.
Reciprocal function: A function defined by the reciprocal of a linear function. See Appendix D, Table 4.
Remainder: Amount remaining when one whole number is unevenly divided by another whole number.

Repeating decimal: A decimal number in which a string of one or more digits following the decimal point repeats indefinitely. Example:
2.137232323... is a repeating decimal since the string “23” repeats.

Response bias: Bias that results from problems in the measurement process. Examples: leading questions, social desirability.
Right angle: An angle that measures exactly 90°.

Rigid motion: A geometric transformation of points consisting of a sequence of one or more translations, reflections, and/or rotations which
preserve distances and angle measures.
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Round: To use mathematical rules to alter a number to one that is less exact but easier to use in mental computation. The number is kept close to its
original value.
Sample: A subset of data selected from a statistical population by a defined procedure.
Sample space: All possible outcomes of an event.
Sample survey: A study that obtains data from a subset of a population to estimate population parameters.
Sampling bias: The partiality that occurs when a sample statistic does not accurately reflect the true value of the parameter in the population.
Sampling distribution: A distribution of values taken by a statistic in all possible samples of the same size from the same population.
Scalar: Numerical values or quantities that are fully described by magnitude alone; a number multiplied by each element of a vector or matrix.
Scale (multiplication): To compare the size of a product to the size of one factor on the basis of the size of the other factor.
Example: Compare the area of these rectangles. When one dimension is doubled, the area (A) is doubled.

10 in 5in

A =50 in? A= 25 in?

5in 5
in

Scale factor: The common factor by which distances of points from a given center in a dilation are multiplied.

Scatter plot: A graph in the coordinate plane representing a set of bivariate data. Example: the heights and weights of a group of people could be
displayed on a scatter plot, where the heights are the x-coordinates of the points and the weights for the y-coordinates.

Scientific notation: A way of writing very large or very small numbers using a number between 1 and 10 multiplied by a power of 10.

212
2019 Alabama Course of Study: Mathematics



Glossary

Shape of distribution (Statistics and Probability, Grades 9-12): A description of a distribution. Examples: number of peaks, symmetry, skewness, or
uniformity.

Similar figures: Two plane or solid figures which can be obtained from each other by a similarity motion (a sequence of dilations, rotations,
reflections, and/or translations). Congruent figures are similar, with a scale factor of 100%.

Similarity motion: A geometric transformation of points consisting of a sequence of one or more dilations, translations, reflections, and/or rotations.
Similarity motions preserve angle measure and change lengths proportionally. The constant ratio comparing side lengths is called the scale factor.

Simulation: The process of using a mathematical model to recreate real phenomenon, often repeatedly, so that the likelihood of various outcomes
can be more accurately estimated.

Simultaneous equations: See system of equations.
Skewed: Term which describes a distribution of data that is not symmetrical about its mean.

Slope (rate of change): The ratio of vertical change to horizontal change; the ratio of change in an independent variable compared to change in the
dependent variable.

Solid figure: A three-dimensional object.
Solution: A value which makes an equation or inequality true.
Solution to a system of equations: A solution that is common to each of the equations in the system.

Square root: A square root of x is the number that, when multiplied by itself, gives the number x. Example: 5 is the square root of 25 because
5-5=25.

Square root function: A function in which the output of the function is found by taking the square root of the input value, preceded or followed by
addition, subtraction, or multiplication of the value by one or more constants. See Appendix D, Table 4.

Square unit: The area of a square with side lengths of 1 unit, used as a unit of measure for area.

Standard algorithm: A generally accepted method used to perform a particular mathematical computation.
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Standard deviation: A measurement of dispersion that measures how far each number in the data set is from the mean. It is the square root of the

variance divided by the number of cases. For the data set {x1, X2, X3, ..., Xn} With mean i, SD = \/%Z?zl(xi — x)2. If the data set is a sample of a

population, SD = \/ﬁ n(x; — %)2.

Statistic: A characteristic of a sample used to estimate the value of a population parameter.

Statistically significant: An observed event is considered statistically significant when, in the presence of randomness, the observed results are not
likely due to chance alone.

Stem-and-leaf plot: A graphical display of quantitative data that contains two columns separated by a vertical line. Each value is split into a stem
and a leaf, the stem being the first digit(s) and the leaf being the last digit. The stems are typically given in the left column, and the leaves are given
in order to the right.

Step function: A discontinuous piecewise defined function in which each piece is a horizontal line segment or a point. Example: greatest integer
function.

Strategy: A plan or approach to find an answer or solve a problem.

Subject (Data Analysis, Statistics and Probability, Grades 9-12): An individual to which treatments are applied within a statistical experiment.
Sum: The result of quantities added together.

Supplementary angles: Two angles whose measures have a sum of 180°.

Survey: A study that obtains data from a subset of a population to draw conclusions.

Symmetry: A quality a figure has when the figure is mapped onto itself by a rigid motion in which the points of the figure are not all mapped to
themselves. Figures that have symmetry are said to be symmetric, and the rigid motion is called a symmetry of the figure. Example: equilateral
triangles have a rotational symmetry of 120° since each vertex of an equilateral triangle will be mapped to another vertex when rotated 120° about the
center of the triangle. Thus, equilateral triangles are said to be rotationally symmetric.

System of equations: A set of two or more equations that has a common set of solutions. Solving the system means finding those common solutions.
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Tape diagram: A visual model that uses rectangles of uniform size to illustrate and solve a variety of problems, including number relationship and
ratio problems.

Term: A single number or variable, or numbers and variables multiplied together.
Terminating decimal: A decimal number which can be expressed in a finite number of digits; a decimal that ends.
Theorem: A geometric statement that can be proven to be true based on definitions, axioms, and previously proven theorems.

Theoretical probability: The number of ways that an event can occur divided by the total number of outcomes from the sample space. Contrast to
experimental probability.

Transitivity principle for indirect measurement: A measurement principle stating that if the length of object A is greater than the length of object
B, and the length of object B is greater than the length of object C, then the length of object A is greater than the length of object C. This principle
applies to measurement of other quantities as well.

Transversal: A line that intersects two or more lines in a plane.
Treatment: A condition or set of conditions that is applied to one group in an experiment.

Treatment group (Statistics and Probability, Grades 9-12): The group of subjects to which the same treatment is assigned in an experiment.

Tree diagram: In probability, a diagram that shows all possible outcomes of an event.

Triangular numbers: The set of numbers (1, 3, 6, 10, 15, ...) that are obtained from the summation of natural numbers that can be arranged in an
equilateral triangle.

Trigonometric function: A function that relates the angles and sides of a right triangle, whose input is an angle and whose output is a designated
ratio of sides. Trigonometric functions include sine, cosine, tangent, secant, cosecant, and cotangent.

Truth table: A table used to display all possible truth values of logical expressions.
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Two-way table: A table listing the frequencies of two categorical variables whose values have been paired.
Uniform probability model: A probability model which assigns equal probability to all outcomes. See also probability model.
Unit circle: A circle with the equation x? + y? = 1. It has a radius of 1 unit.

Unit rate: In a proportional relationship, the number of units of the first quantity that correspond to one unit of the second quantity. Example: My
rate of travel was 30 miles in one hour (mph).

Univariate data: A data set that is described by one variable (one type of data).

Variable: A symbol used to represent a quantity, which may have a fixed value or have changing values. In statistics, a variable is a characteristic of
members of a population that can be measured (quantitative) or counted (categorical). Examples: The height of a person is a quantitative variable,
while eye color is a categorical variable.

Variability: A measure of the spread of a data set. Examples: interquartile range, mean absolute deviation, standard deviation.

Variance: A measure of dispersion expressed in square units that considers how far each number in a data set is from its mean, calculated by finding
the sum of the square of the distance of each value from the mean. Example: For the data set {x1, X2, X3, ..., Xn} With mean X, the variance =

Yi=1(x; — %)%,
Vector: A quantity with magnitude and direction in the plane or in space. It can be defined by an ordered pair or triple of real numbers.

Vertex: The common endpoint of two or more rays or line segments. Plural: vertices

Vertex form: The equation describing a quadratic equation using the vertex (maximum or minimum point) of its graph, which is a parabola. If (h, k)
is the vertex of the graph represented by an equation, then the vertex form for that equation will be f(x) = a(x — h)? + k, where a is a non-zero
constant.

Vertical angles: Two nonadjacent angles formed by a pair of intersecting lines.

Visual fraction model: A method of showing fractions. Examples: tape diagram, number line diagram, area model.

Volume: The measure of the amount of space inside of a solid figure, such as a cube, ball, cylinder, or pyramid, expressed in cubic units.
Whole numbers: The numbers 0, 1, 2, 3, .... without any decimal or fractional parts.
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x-intercept: The x-coordinate of the ordered pair where a graph crosses the x-axis, wherey = 0.

y-intercept: The y-coordinate of the ordered pair where a graph crosses the y-axis, where x = 0.

Zero matrix: A matrix consisting of all zeros. Any matrix added to a zero matrix of matching dimension will yield itself.
Zero of a function: A value of the independent variable where the value of the function equals 0.

Zero property: The product of any number and zero is zero.
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